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Abstract

We prove existence of graphs over exterior domains of H? x {0}, with constant
mean curvature H = % in H? x R, provided the boundary curve satisfies some
geometric conditions. Furthermore, we prove a vertical halfspace theorem for

surfaces with constant mean curvature H = %, properly immersed in H? x R.

1 Introduction

In this paper we study vertical ends of surfaces with constant mean curvature H = %
in H? x R, where a vertical end is a topological annulus, with no asymptotic point at
finite height.

Our first result is the existence of vertical graphs, over exterior domains of H? x {0},
of constant mean curvature H = %, in H?XR (Theorem 3.1) provided that the boundary
of the surface satisfies some geometric conditions (see Definition 3.1). Each graph is a
vertical end. In fact, given a boundary data C, we solve a Dirichlet problem for the
mean curvature equation H = 1/2 over an exterior domain of H? x {0}. The condition
on the boundary C' guarantees a-priori estimates for the gradient of solutions at the
boundary.

In the proof of our existence Theorem, we use a classic fixed point theorem (see
Theorem A.7 in Section 3). In order to apply it, we need to prove a-priori estimates
for solutions of a family of Dirichlet problems. This is achieved by using rotational
surfaces of constant mean curvature H < % as geometric barriers.

Our existence result leads to the following conjecture.

Conjecture 1. Fvery vertical graph end is asymptotic to a rotational graph end.

If the conjecture were true, one could develop a theory of properly embedded vertical
ends in H? X R, analogous to the minimal ends theory in R? (see [6], [16], [14]).

Then, we investigate about halfspace type results for surfaces of constant mean
curvature H = % in H? x R. We are able to prove that a surface of constant mean
curvature H = %, different from a rotational simply connected one, can not be properly
immersed in the mean convex side of a simply connected rotational surface of constant

mean curvature /' = 1 (see Theorem 4.1).



The mean curvature &

5 In H? x R plays the same role as the mean curvature zero
in R® and one in H? (see [3]). In the discussion about vertical ends of constant mean
curvature H = % in H? x R, some natural questions arise, inspired by the theory of
minimal ends in R? and of constant mean curvature one ends in H?. Before describing
our results in this direction, let us recall some properties of minimal ends in R®. An
embedded end of a minimal surface in R3, with finite total curvature is a graph of a
function u defined on an exterior domain of the plane and has the following asymptotic

behavior (see [16])
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The constant a is called the logarithmic growth of the end. The asymptotic behavior
in (1) means that a final total curvature end of a minimal surface is asymptotic to a
plane (a = 0) or to a catenoid (a # 0). See also [14], for an enlightening discussion
about the ends of a minimal surface.
The end of a rotational surface of constant mean curvature H = % in H? x R is
the vertical graph of a function u, of growth \/La (see Definition 3.3 for the notion of

1
u(x,w=a1n<x2+y2>+b+c“dy+0( ) )

growth). The asymptotic behavior of u, is the following (see formula (5) in Section 2)
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where o € R, and k € R. A different way of stating Conjecture 1 is the following:

a vertical graph end of mean curvature H = % in H? x R has growth \/La for some a. We

are able to prove the following partial result (see Theorem 3.1): each vertical graph
end obtained in Theorem 3.1 has weak growth \/La for a certain «, i.e. it is weakly
asymptotic to the end of a rotational surface of growth \/ia (see Definition 3.3 for the

efg—i-k—l—O(e*%p), p — 00

notion of weak growth).

An existence Theorem in R?, analogous to Theorem 3.1 is proved by Sa Earp and
Toubiana (see [20]). We believe that an existence Theorem on exterior domains in
H? x R holds with some necessary conditions on the boundary curve C' (see [11] for an
example in the Euclidean case).

In [4], the authors prove existence of complete surfaces in H? x R, with constant
mean curvature H = % whose ends are vertical. Such surfaces are sisters of minimal
surfaces in the Heisenberg group.

The paper is organized as follows. In Section 2, we describe the geometry of ro-
tational ends of constant mean curvature H € (0, %] and we prove the Convex Hull
Lemma. In Section 3 we prove the existence Theorem. Finally, in Section 4, we estab-
lish the halfspace Theorem.



2 Rotational Surfaces with 0 < H < %

R. Sa Earp and E. Toubiana find explicit integral formulas for rotational surfaces of
constant mean curvature H € (0, 3] in [19]. A careful description of the geometry of
these surfaces is contained in the Appendlx of [13].

In this Section, we recall some properties of rotational surfaces of constant mean
curvature H € (0, %] and we describe their asymptotic behavior.

Let u: Q — R be a C? function defined on a subset Q of H? x {0}. The wvertical
graph of u is the subset of H? x R given by {(z,y,t) € Q x R | t = u(x,y)}.

The vertical graph of a function u : H? X {0} — R has constant mean curvature H

with respect to the upward normal vector field, if and only if u satisfies the following

partial differential equation
) Vuu
divy ( Mﬂj ) =2H (2)

u

where divy, Vi are the hyperbolic divergence and gradient respectively and W, =
1+ |Vyul4, being | - |z the norm in H? x {0}.

By abuse of notation, we will call graph of u, the vertical graph of u.

Denote by p the hyperbolic distance from the origin in H? x {0}. Then, the function
whose graph is a rotational surface with constant mean curvature H must satisfies (cf.
formula (21) in [19], with [ = 0, & = —d and formula (9) in [13])

— 2H cosh
/ \/ o+ coshr g (3)

sinh®r — (—a + 2H coshr)2

—2aH+V1-4H?2+a?
1 4H?

such that sinh® 7 — (—a +2H cosh7)? > 0. The function u¥ is defined up to an additive
constant, that corresponds to a vertical translation of the rotational surface.

When o = 2H, the function ufl; is defined on H? x {0} and its graph is a simply
connected rotational surface, denoted by SH. For any a # 2H, the graph of u/ is
defined outside the disk D of radius rZ and it is vertical along the boundary of DH
We choose the integration constant such that the graph of u!’ is contained in the half-
space t > 0, with boundary in the slice ¢ = 0. Denote by HZ the union of the graph of
ul with its symmetry with respect to the slice ¢ = 0.

When 0 < o < 2H, the annuli H are embedded, while for a > 2H, they are
immersed.

We are specially interested in the asymptotic behavior of the rotational surfaces.
As the the asymptotic behavior for H = =, is quite different form the H < 5 case, we
analyze the two cases separately.

where « is a real parameter and rZ = arccosh < ) is the minimum
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Figure 1: H = % : the profile curve in the embedded and immersed case (R = tanh p).

111 1
For simplicity, we denote by u,, Dy, Ty Ha, S, the previous ug, D3, ra, Ha, S %,
respectively.

For any a # 1, 'H,, is a rotational annulus symmetric with respect to the plane
t = 0. Replacing H = 3 in formula (3) one has

P —a 4+ coshr
Ue(p) = dr 4
(p) /lna V2acoshr — 1 — a2 (4)

where p is the hyperbolic distance from the origin (see Figure 1).

The radius of the disk D, is r, = — In « and the function u, is vertical along the
boundary of D,. Furthermore r, is always greater or equal to zero, it is zero if
and only if & = 1 and tends to infinity as « — 0. As we pointed out before, the
graph of the function u; is entire and corresponds to the unique simply connected
example.

Recall that we choose to compute the mean curvature of graphs, with respect
to the upward unit normal. Then the unit normal to any H, points upward in
the halfspace ¢ > 0 (see Proposition 9 in [19] for a formula of the unit normal in
terms of the function u,).

A straightforward computation shows that the integrand function in (4) is equiv-

1 T _r . .
alent to 3 Jat? —Cat 7, for r — o0, where ¢, is a constant depending only on

a. Then, by integrating, one has that u,(p) ~ \/iaeg +2c,e”% 4 k, where k is the
integration constant, for p — oo.

By a more careful computation, one can prove that the asymptotic behavior of
the function u,, is the following
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Now, it is very natural to give the following definition.

Definition 2.1 We define \/La the (exponential) growth of the surface H,.

As it is showed in Lemma 5.2 in [13], for a > 1 the surfaces H,, are immersed,
while they are embedded for @ < 1. Then the growth of any immersed rotational
surface is smaller than the growth of the simply connected surface S and the
growth of any embedded rotational surface is greater than the growth of S.

Now, we describe how two rotational embedded surfaces H, and Hp intersect
for 0 < # < a < 1. In this case, both ends of Hg are contained in the mean
convex side of H,. Furthermore, if one restricts to the half-space ¢ > 0, then
Ho NHg N {t > 0} is a horizontal circle for every 0 < a # [ < 1. For every
a € (0,1), SN'H, is a circle as well and, as a — 1, the circle SNH,, approaches
the origin, while the upper end of ‘H, approaches to the end of S.

Definition 2.2 Let 0 < f < a < 1. We define horizontal distance between H,,
and Hpg the distance between Ho, N {t = 0} and Hg N {t = 0}, i.e. the positive
number d(a, f) ;=15 —rq = —1In g

Next Lemma guarantees that the distance between H,N{t = n} and HzN{t = n},
when n is great, is almost the same as the distance at height zero. This result
will be crucial in the barrier arguments in the proof of Theorem 3.1.

Lemma 2.1 Let 0 < f < a < 1. Denote by R, the radius of Ho, N{t = n} and
by Rg the radius of HsN{t =n} Then R, ~2Inn+Ina, Rz~ 2Inn+Ing, for
n — oo, that is Rg — R, >~ —lng, for n — oo.

Proof. It is a straightforward computation using the asymptotic behavior in (5)
(see Figure 2).

(N

It is clear that any surface obtained from H,, either by a vertical translation or
by a horizontal hyperbolic translation, has growth \/La The effect of a vertical

translation on formula (5) is obviously an additive constant. The image of H,,
by a horizontal hyperbolic translation intersects any slice in a circle. All such
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Figure 2: Distance between H, and Hg.

circles have hyperbolic center on the same vertical geodesic, that is the image of
the t-axis. Then, the translated surface has an asymptotic expansion as in (5),
where p is the distance from the vertical geodesic, image of the t-axis.

In the following, we will refer to formula (5) for any surface obtained from H,
either by a vertical translation or by a horizontal hyperbolic translation.

H < 5 ( see Figure 3)

For any a # 2H, H is a rotational annulus symmetric with respect to the plane
t=0.

By formula (3), the radius of the disk D is rZ7 = arccosh <_2C“HJLV L—{‘émmZ)
H

and the function u/! is vertical at the boundary of D¥. Furthermore r is always
greater or equal to zero, it is zero if and only if @ = 2H and tends to infinity as
a — 00. As we pointed out before, the graph of the function ull; is entire and

correspond to the unique simply connected example.

Recall that we choose to compute the mean curvature of graphs, with respect
to the upward unit normal. Then the unit normal to any HZ points upward in
the halfspace ¢ > 0 (see Proposition 9 in [19] for a formula of the unit normal in
terms of the function uX).

A straightforward computation shows that the integrand function in (3) is equiv-
alent to \/%T —cgqe ", for 1 — oo, where ¢, is a constant depending only
on H and «. Then, by integrating, one has that

. 2H
)=

where k is the integration constant, for r — oc.

p+ CH,ae_p + k (6)
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Figure 3: H < % : the profile curve in the embedded case.

As it is showed in Lemma 5.2 of [13], for o > 2H the surfaces H are immersed,
while they are embedded for o < 2H. We notice that the parameter o does not
appears in the leading term of the development of u/7. Then, the leading term of
the asymptotic development of HZ and Hg for e # 3 is the same (see Figure
5). It will be clear in the proof of our main result, how the different geometries
of the families HZ and H, will not allow to prove analogous results for the two
families.

In spite of the global different behavior of the families H,, and H!, one has a nice
relation between the two families on compact subsets of H? x R. For any a > 0,

consider the two integrals (3) and (4). Notice that arccosh (’QQH vl 2*‘12) —

—lna,as H — % Furthermore, for any fixed a > 0 the integrand function in
(4) converges pointwise to the integrand function in (3), as H — 1. These two
observations imply the following result.

Lemma 2.2 For any fized 0 < o # 2H, the function uf converges to u, on
compact subset of H? x {0}\ DX as H — % Furthermore, ull; converges to uy

o
on compact subset of H? x {0} \ D3}, as H — 1.
Figure 4 gives a idea of the convergence in the simply connected case. In order
to understand better the convergence, we point out the following property. The
radius rf is increasing in H, when § < H < % Furthermore r — r, for
H— % Then, for H next to %, ri < r,, while the function u, grows quicker
than u!l. Hence, for N great enough, the radius of H N {t = N} is greater than

the radius of H, N {t = N}.
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Figureél:H:i,H:%,H:%S,H:i.

In the following, we will refer to formula (6) for any surface obtained from H%
either by a vertical translation or by a horizontal hyperbolic translation.

We close this section by proving a very interesting consequence of the existence of
the rotational simply connected surfaces. Let K be a compact set in H? x R. For any
H € (0, %], we define FE as follows. B belongs to F# if the boundary 9B is obtained
by S either by vertical and horizontal translations or by symmetry with respect to a
slice and K is contained in B.

Lemma 2.3 (Convex Hull Lemma) (a) Let M be a compact surface immersed in
H? x R with constant mean curvature H € (0, %] Then M 1is contained in the convex
hull of the family F1,.

(b)Let M be a compact surface immersed in H? x R with prescribed mean curvature

function H : M — (0, 3]. Then M is contained in the convex hull of the family a%M-
Proof. (a) Up to vertical translation, there exists a copy of S with the end on
the top, containing M in its convex side. By abuse of notation, we denote by S¥ any
surface obtained by S¥ by a hyperbolic isometry. Now, move S¥ by a translation
along some horizontal geodesic. If the first contact point p between S¥ and M is an
interior point of M, then the two surfaces are tangent at p and they have the same mean
curvature vector at p. This is a contradiction by the maximum principle. Hence, one
can move S horizontally until it touches M. One can do the same for any horizontal
geodesic and one can move SY vertically as well. Furthermore, one can start with a
surface with the end on the bottom and do the same proceeding. The result follows.
(b) The proof is analogous to the proof of (a).

8
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The Convex Hull Lemma gives horizontal and vertical distance estimates in many

geometric situations, for example in the proof of several uniqueness and symmetry

results for surfaces with constant mean curvature in H? x R, H < % and boundary in
two parallel horizontal planes [13].

3 Existence of Complete Graphs on Exterior Do-

mains with H = %
Let Q be a compact domain in H? x {0}. The subset H? x {0} \ Q is called exterior
domain. In this section, we prove the existence of graphs on exterior domains, provided
the boundary satisfies some geometric conditions. It will be clear in the following that
our conditions are very natural generalizations of the circle boundary case (see the
examples after the statements of Theorem 3.1 and Theorem 3.2).

As we remarked in the introduction, an analogous result in R?® with geometrical
assumption on the boundary curve, is proved by Sa Earp and Toubiana (see [20]). In
[11], Kutev and Tomi proved existence and uniqueness of minimal graphs in R?, defined
on exterior domains of R?, with boundary a curve satisfying some analytic conditions.
The analogous exterior problem in H? for mean curvature one is still open. As for
the Dirichlet problem on compact domains in product spaces M™ x R and in warped
product spaces, it has been studied, for example, in [18] and [2] respectively.

Without loss of generality we can assume that the origin is inside 2. Let b > 0 and
denote by C, the circle centered at the origin of radius b.

Definition 3.1 We say that (2 satisfies the interior circle condition of radius b and
distance dj, if the following facts are satisfied

e b is such that for any point p € 99, dist(p, Cy) < b.

e For any p € 012, let 7, be the geodesic between p and the origin: any translation
of Cj, along 7, of ratio less or equal to dist(p,C,) is contained in 2. Denote by
dy = max dist(p, Cy) (see Figure 5).

pe

Notice that, if €) satisfies the interior circle of radius b and distance d;, then for any
point p € 0N there exists a circle of radius b tangent to ) at p, contained in 2 (a
translation of Cy). Furthermore, d, = 0 if and only if 012 is a circle.

Example 3.1 A non trivial example of domain 2 satisfying an interior circle condition
is an Euclidean ellipse with small difference between the lengths of the axis. In the disk
model for H? x {0}, consider an Euclidian ellipse E, centered at the origin with equation
f‘—z + %—Z =1, where 0 < B< A< 1, A~ B, A< BvV2 — B?. In this case, I satisfaies
Definitiom 3.1 with b = 2arctanh (B*A™") and d, = 2arctanh(A) — 2arctanh (B2A™!).

9
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Figure 5: Interior circle condition.

It is clear that any small C? deformation of the ellipse E gives a domain satisfying
Defnition 3.1 with the same b.

Before stating our results, let us give two further definitions.

Definition 3.2 Let E be the graph of a C? function u defined on the exterior domain
H? x {0} \ Q. If upq is bounded and u(p) — oo as p approaches the asymptotic
boundary of H? x {0}, i.e. 05 F is disjoint from (0,,H?) x R, we call E a vertical graph
end. We also call vertical graph end the reflection of E with respect to a slice.

We notice that the ends of the rotational surfaces described in Section 2 are vertical
graph ends, while there are many examples of graph ends of a constant mean curvature
surface in H? x R that are not vertical (see [15]).

Equation (5) describes the asymptotic behavior of a rotational vertical graph end
of exponential growth \/La Now, we give the notion of growth for a general vertical
graph end.

=

Definition 3.3 We say that a vertical graph end E of constant mean curvature H =
has growth \/La if the asymptotic behavior of the function whose graph is F is the sam

oD N

as in (5). We say that a vertical graph end E has weak growth \/La if, for any ¢ > 0,
there exists N. such that E N {t > N.} is above some translation of H,,. and below
some translation of ‘H,_.. By translation, we mean both vertical and horizontal.

The end of the simply connected surface S has growth one, while each end of an
annulus H, has growth —=.

Conjecture 1. Fvery vertical graph end is asymptotic to a rotational graph end.
If a vertical graph end of constant mean curvature % has weak growth H = \/La, then it

1
has growth T
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As we observed in the Introduction, if the conjecture were true, one could develop
a theory of vertical ends in H? x R, analogous to the minimal ends theory in R3 (see
(6], [16], [14]).

We have the following existence Theorems.

Theorem 3.1 Let S be the simply connected rotational surface in H* x R, tangent
to H? x {0} at the origin, with H = % Let C be a C® simple closed curve contained
in S such that the projection of C' on H? x {0} is one to one. Let Q be the domain of
H? x {0} such that O is the projection of C' and assume that 0 contains the origin
and satisfies an interior circle condition of radius b and distance d,. Then, for any «
such that e~ < «a < 1, there exists a complete graph on H? x {0} \ Q with boundary
1 1

C, H = 5 and weak growth Tar

Theorem 3.2 Let H., be the embedded rotational annulus in H? x R meeting the plane
t = 0 orthogonally along a circle of radius —1In~y, with H = % and growth % Let C' be

a C® simple closed curve contained in H, N {t > 0} such that the projection of C' on
H? x {0} is one to one. Let Q be the domain of H? x {0} such that O is the projection
of C' and assume that 0 contains the origin and satisfies an interior circle condition
of radius b and distance dy, with b > —In~. Then, for any o such that e®~° < a < 7,
there exists a complete graph on H? x {0} \ Q with boundary C, H = 5 and weak growth
1

\/_a.

Remark 3.1 In Theorem 3.1, one can relax the hypothesis on the regularity of the
boundary curve C' to be continuous. In this case, the proof of existence makes use of
the Perron’s method. The Perron’s method can be used also in the proof of Theorem

3.2.

Remark 3.2 It will be clear from the proof of Theorems 3.1 and 3.2 that the gradient
of the solution u along the boundary curve C'is bounded by a constant depending only
on the geometry of C.

Let us describe some trivial examples of boundary curve C.

e Let C' be a circle on S. It is straightforward that C' satisfies an interior circle
condition of radius b, for some b. Then, the family of rotational surfaces with
boundary C' and growth \/La, with e7® < a < 1, are solutions for Theorem 3.1.
All such surfaces are contained in the mean convex side of S. This is a consequence
of the geometry of the rotational surfaces and it can be seen by the maximum
principle.

Analogously if C is a circle on H, for some 7. Then C satisfies an interior circle
condition of radius b, for some b. The family of rotational surfaces with boundary
C and growth \/La with e7® < o < 7 are solutions for Theorem 3.2. As before, all
of them are contained in the mean convex side of H,.

11



e Let C be the intersection between S and a horizontal translation of a H, (even-
tually a = 1), along a geodesic ¢ through the origin. C'is an analytic curve,
because it is the intersection of two analytic surfaces. If the translation is small
enough, the curve C satisfies the hypothesis of Theorem 3.1 and it bounds the
two vertical ends given by S and the translation of H,. The projection of C' on
the horizontal plane has at least one symmetry with respect to the vertical plane
Ps above the geodesic 6. S and H,, are symmetric with respect to Ps, as well.
One obtains an example analogous to the last one, when C' is the intersection
between Hjz and a horizontal translation of H, along a geodesic ¢ through the
origin (o = [ is allowed).

e (' can be any curve on the surface S whose projection on H? x {0} is a small C?
deformation of the ellipse in Example 3.1.

Proof of Theorem 3.1. The proof of Theorem 3.1 is long, so we start by giving
an idea of it.

Let ¢ be the function that describes the curve C as a graph on 0f). In order to
prove the existence in Theorem 3.1, we have to solve the following Dirichlet problem

divig (%) =1 in H?x {0}\Q
(7)
u=¢ on Of)

We solve it by constructing a sequence of surfaces with mean curvature H = %, each
of them being the graph of a function u, on an annulus A, whose interior boundary is
0f) and whose exterior boundary is a circle «,. The function u,, takes values ¢ on 0f2
and n on 7,. Then, we let n go to infinity and we prove that the sequence u,, converges
to a solution of (7). The key point is that we succeed in obtaining a-priori height
estimates and a-priori gradient estimates along the boundary for the solutions of (7),
by using geometric barriers. Interior a-priori gradient estimates for the solutions of (7)
are inferred as in [9], [17], [18].

In the proof of the Theorem 3.1, H,, and H% will denote H,N{t > 7} and HE N{t >
7} respectively, translated down by 7, where 7 > 0 is arbitrarily small. We make this
choice because we need graphs that are not vertical at the boundary, in order to use
them as boundary barrier for the gradient.

We start by constructing the circle v,,. This is a little tricky, but the motivation of
our choice will be clear later.

Consider the surface Hs with 3 = e7?. By Lemma 2.1, for any o > %~ the surface
H,, has the following property: the horizontal distance at height n between Hz and 'H,
is almost d(a, f) :== —Inf + Ina > dy, for n great enough. Define I';, = H, N {t = n}
and let v, be the projection of I',, on the plane ¢ = 0. Notice that, this choice of
a allows us to translate horizontally Hsz by a distance d, without touching I',, with
Hs N {t = TL}

12



Each wu,, must satisfy

( . Vau\ .
divy (Wi;) =1 in A,

U, = ¢ on 02 (8)

[ Up =1 on 7,

The proof of Theorem 3.1 is in four steps.

STEP 1. Euistence of a C*% solution u,, of (8), for n large enough.

STEP 2. For any compact subset K of H? x {0}, existence of a uniform C** bound
on K for the sequence u,,.

STEP 3. Ezistence of a C*“ solution u of (7).

STEP 4. Proof of the growth property for the solution wu.

Proof of the STEP 1. Existence of a C** solution u, of (8), for n large enough.

In order to prove existence of a C** solution u, of (8), we apply a fixed point
Theorem (see Theorem 10.4 in [5] and Theorem A.7 in [1]). Our statement is slightly
more general that Theorem A.7 in [1], but the proof is analogous. We will state
Theorem A.7 in [1], later.

Roughly speaking, we construct a family of Dirichlet problems D,,, o € [0y, 1], where
0p is a positive constant to be fixed later. For any o € [0y, 1), the graph of the solution
of D, has, as lower boundary, a circle C, lying on the simply connected rotational
surface S%, C, converging to the curve C, for ¢ — 1 and, as upper boundary, the
curve I',, lowered at height f,(0) < mn. The solution for o = o0q is the part of S ki
bounded by C,, and (T, x R) NS . The solution for o = 1 is the desired solution for
(8).

By Theorem A.7 in [1], a solution of (8) exists, provided we find C' a-priori esti-
mates for the solutions of the family D,, o € [0, 1]. That is: C° estimates, gradient
estimates along the boundary and purely interior gradient estimates.

For the sake of clearness, before constructing the family D, of Dirichlet problems
and proving the a-prior: estimates for it, we prove the a-priori estimate for the case
H = % i.e. for the solution of (8). Then it will be easier to understand the construction
of the family D, of Dirichlet problems and the relative estimates.

o A-priori C° estimates for u,, (see Figure 6).

Denote by M, the graph of u,. By construction, the upper boundary I',, of M,
and the lower boundary C of M,,, lie in the non mean convex side of Hz. Then,
by the maximum principle M,, is entirely contained in the non mean convex side
of Hg i.e. M, is below Hg. As the boundary of any M, is contained in the mean
convex side of S, the convex hull lemma guarantees that M,, lies above S.

Remark 3.3 We notice that our C° a-priori estimates for u,, are independent
of n.

13



t=n

Mn= 2N {t=n}

p=e®

Figure 6: A-priori C° estimates for u,

e A-priori estimates for the gradient of u, along the boundary C' (see Figure 7).

As we proved in the previous step, M, lies above S. Hence S itself bounds the
normal derivative of each u, from below along the curve C.

By abuse of notation we denote by Hz any horizontal translation of Hg. Notice
that the intersection of Hg with the plane ¢ = 0 is contained in €. Consider
p € C and denote by Hg(p) the vertical translation of Hz at height z3(p). Hg(p)
is disjoint from S and the radius of the intersection of Hz(p) with the plane t = n
is smaller than the radius of the intersection of Hg with the same plane. Then we
translate horizontally Hg(p) till the horizontal projection of Hg(p) N{t = z3(p)}
and of C' on the slice ¢t = 0 are tangent at the projection of p on such slice. Notice
that, before reaching this last position, the projection of Hg(p) N {t = z3(p)} on
the slice t = 0 stays inside €2. Hence those Hz(p) N {t = x3(p)} can not touch S.
Lemma 2.1 guarantees that one does not touch I';, with Hg(p) and the maximum
principle guarantees that M,, stays below Hg(p). Then Hz(p) is a good barrier
for bounding the normal derivative of u,, at p and gives a bound for the normal
derivative of u,, at p from above.

Hence, there exists a positive constant L, depending on Hg and S such that

sup |Vu,(p)| < sup L, < oo 9)
peC peC

Remark 3.4 Notice that surface Hg, that gives an estimates from above the
gradient of u, along C, depends only on the projection 92 of C' on the plane
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t=n e

Figure 7: A-priori estimates for the gradient of u,, along the boundary C' .

t = 0. Furthermore, the intersection of Hz with a horizontal plane is a circle with
radius increasing with the height of the horizontal plane. Hence, if the upper
boundary of M, were the projection of I';, at a height lower than n, the estimate
would yield as well, because such upper boundary would continue to be in the
non mean convex side of Hg.

o A-priori estimates for the gradient of u, along the boundary I',,.
Consider the slab B = {mlg z3(p) < t < n}. By the maximum principle the
pE

graph of u, is contained in the slab B, hence it is below the slice containing the
boundary curve I',,. Now let p be any point of I',,. By the geometry of S, it is
clear that one can find a translation of S (almost vertical in the slab B) tangent
to I',, at the point p and containing M, in its mean convex side. Such translation
of S bounds the normal derivative of u,, at p from below.

Hence, there exists a positive constant K, such that

sup [V (p)] < sup K, < o0 (10)
pEly pely,

Remark 3.5 If the upper boundary were the projection of I';, at a height n; < n,

the previous estimate at the corresponding point p of the boundary, holds with
the same S as before translated vertically by n;.

e Interior a-priori estimates on the gradient of the solution w,,.
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Without loss of generality we can assume that our solution are in the class C3(().

Theorem 1.1 in [18] guarantees purely interior gradient bounds at any point
p € Q, for any C3(Q) solution of (8) depending on the C°(€2) bounds and on the
distance of p from the boundary (see formula 1.3 in [18]). Then, Theorem 3.1
in [18] guarantees global a-priori gradient bounds in €2 for any C*() solution of
(8), depending only on the height and on the boundary gradient bound.

The interior gradient bound can be obtained from [17] as well.

So, we have completed the a-priori estimates for the solution of the Dirichlet prob-
lem (8).

Now, we construct the family D, of Dirichlet problems, o € [0, 1]. First, we define
0o. By by Lemma 2.2, for any fixed n, HE converges to Hg, in the slab 0 <t < n, as

oc— 1. Let § = w, where d(a, ) is defined in Definition 2.2. There exists oy
depending on ¢ and n such that, for any o € [0g, 1] :

(a) the distance between Hﬁ% N{t =h} and Hg N {t = h} for h € [0,n], is smaller
than ¢; i i

(b) for any vertical geodesic 7 intersecting both Hg and Hg, the points yN HE and
v N 'Hg have distance smaller than 9.

As 0 depends only on the geometry of the curve C| so does oy for any fixed n.

The lower boundary of the graph of the solution of D, is constructed as follows.

Consider the vertical cylinder over 92 and, for any o € [og, 1], denote by C, its
intersection with the surface Sz. Let ¢, be the unique function on 9 such that the
graph of ¢, is the curve C,. Our choice of the boundary curve C, is motivated by the
fact that it lies in S%. Then, we can use S2 as barrier for bounding the gradient of
solutions of D, from below.

The upper boundary of the graph of the solution of D, is constructed as follows.

Consider the vertical cylinder over ,, and intersect it with S 2. Denote by hg the
height of the horizontal circle (v, x R) N S%.

Define an increasing, C? function f, : [0g,1] — [ho,n]| such that f,(c¢) = hg
and f,(1) = n and that f,(o) is greater than the third coordinate of the intersection
(T, x R)N S/2 for any o € (09, 1).

Consider the following family D, of Dirichlet problems, o € |09, 1].

(

Flug] = div ({Yv—ﬁ) =0 in A,

n

D, = ug = ¢, on 02 (11)

[ up = fulo) on
Theorem (see Theorem A.7 in [1]). The Dirichlet problem (8) has a C*(A,)

solution if there exists a constant C, independent of o, such that every C*“(A,,) solution
u? of (11), for any o € [oo, 1], satisfies

16



lunllera,y < € (12)

By the previous Theorem, Step 1 is achieved as soon as we prove the C! estimate
(12). In order to prove such a-priori estimate, we proceed as in the case of mean

curvature H = %

o A-priori C° estimates on the solutions of (11).

Denote by M7 the graph of uZ. For any o € [0g, 1], the lower boundary C,, of M7
lies on S2, while the upper boundary, that is the circle (I', x R) N {t = f.(0)},
lies in the mean convex side of S%. Then by the maximum principle, M, lies
above S2, hence above S £ Furthermore, by the maximum principle, each M7
lies below the plane ¢ = n. So we get a priori height estimates independent of o.

e A-priori estimates on the gradient of the solutions of (11) along C,,.

As M, lies above Sz, S% itself bounds the normal derivative of each w, from
below along the curve C.

For any o € [0y, 1], consider the surface Hg. By abuse of notation, we denote

any horizontal translation of HE by HE.

The horizontal distance between Hﬁg and Hp in the slab 0 < ¢ < f,(0) is less
than 6 < w, as fn(o) < n,ie. HB% is close to Hg in the slab 0 <t < f,(0).

Then, one proceeds as in the H = % case. One can move horizontally Hg and

approach any point of C, with Hﬁ% without touching the upper boundary of M7 .
The previous assertion depends on the fact that the upper boundary of M7 lies
at most at height n (see Remark 3.5).

The maximum principle guarantees that M stays below ’Hg for any o € [0y, 1].
So we get a priori estimates on the gradient of the solutions u? along C, inde-
pendent of o, for o € [0y, 1].

e A-priori estimates on the gradient of the solutions of (11) along the upper bound-
ary of M7, (T, x R)n{t = f.(o)}.

Remark 3.5 and the fact that the mean curvature of S is greater than Z for any
o € log, 1], yields that we can do the same reasoning as in the case of H = %,
with the surface S itself.

e Interior a-priori estimates on the gradient of the solutions of (11).

This is exactly the same as in H = % case.
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Figure 8: Growth Property.

Proof of STEP 2. For any compact subset K of H? x {0} \ Q, ezistence of a
uniform C*% bound on K for the sequence u,,.

By standard elliptic theory, a C* a-priori bound on u,, yields a C*“ a-priori bound
on u,,. Hence, it is enough to prove that, for any compact subset K of H? x {0}, there
is an uniform C* bound on the sequence wu,,.

Let K be a compact subset of H? x {0} \ Q. For n large enough, K C A,.

By Remark 3.3, the C° estimate found in Step 1 is independent on n, hence it yields
a C° uniform bound for the family w, on the subset K.

The interior gradient bound for u,, at a point p depends only on u,(p) and on the
distance of p from the boundary (see formula 1.3 in [18]). This yields a uniform interior
gradient bound for u,, on the subset K.

The interior gradient bound on the subset K can be obtained from [17] as well.

Proof of STEP 3. Eristence of a C** solution u of (7).

The annuli A, exhaust the exterior domain H* x {0} \ ©, and, for any n, u, 90 = ¢.
Hence STEP 2 and Ascoli-Arzela’s theorem guarantee that the sequence u,, converges
to a solution u of (7). Denote by M the graph of the function u.

Proof of STEP 4. Proof of the growth property for the solution u (see Figure 8).
Fix a between e®~? and one. By construction, each M, lies below H,. Hence so
does the limit graph M. Now, fix ¢ > 0 such that ¢ + @ < 1 and consider H,.. The
intersection of H,,. with t = n, for n great enough, is a circle with radius greater
than the radius of I',,. Let C. be a circle in ‘H, . with radius greater than the radius
of Ha N Haye, such that the projection of C. on the plane H? x {0} bounds a domain
containing €. Notice that such domain contains the projection on H2x {0} of HeoNHeaie
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as well. Denote by (H1)" the vertical end of H, . bounded by C.. Translate (Hqye)"
downward until the boundary C. touches S. Let N, be the height of the translated of C-..
By abuse of notation we continue to call (H,c)" any vertical translation of (Hae)™.

We claim that M, is above (H,4c)" in the slab [N, n] for any n big enough.

Translate downward of the surface (H,1c)" of N. —n. Notice that, after the transla-
tion, the boundary C. lies in the slice t = 2N, —n, while the previous (Ha+c)™N{t = n}
lies in the slice t = N.. Then (H,..)" does not intersect M, N[N, n]. In fact M,,N[N;, n]
is contained inside S while (Ha4c)t N[V, n] is outside S. We claim that we can trans-
late (Haye)™ upward until C. reaches the slice t = N, without having any contact
point with M, N [N, n]. By the maximum principle the first contact point cannot be
interior. Furthermore the boundary C. cannot touch M,, N [N, n] because the former
lies out of the mean convex side of S until it reaches the plane ¢ = N, while the latter
lies in the mean convex side of S. Finally, (H,..)" can not touch the upper bound-
ary I',, of M,, because, for any considered translation of H,.., the radius of the circle
(Hase)™ N {t = n} is strictly greater than the radius of T',,.

Hence the claim is proved.

As N, is independent of n, one has that the limit surface M N {¢t > N.} lies above
(Hute)". Then the weak growth of M is \/La

This achieves the proof of Theorem 3.1.

ol

Proof of Theorem 3.2. The proof of Theorem 3.2 is analogous to the proof of

Theorem 3.1 with the following changes.

e Replace S by H, and S 7 by HW%

e By the mean convex side of H., (H?), we mean the intersection of the mean

g

convex side of H., (respectively H}) with the halfspace t > 0.

For the sake of clearness, we point out that the further hypothesis a < v guarantees
that the upper boundary circle I',, = H, N {¢ = n} stays in the mean convex side of
H,.

ol

Let us state two easy consequences of the existence Theorems.

Corollary 3.1 Let C' be a stmple closed curve contained in S satisfying the hypothesis
of Theorem 3.1 If C' has a symmetry with respect to some vertical plane through the
origin, then each surface constructed in Theorem 3.1 has the same symmetry as C.

Corollary 3.2 Let C' be a simple closed curve contained in a rotational annulus H.,
with H = % and growth %, satisfying the hypothesis of Theorem 3.2. If C' has a
symmetry with respect to some wertical plane through the origin, then each surface
constructed in Theorem 3.2 has the same symmetry as C.
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Proof of the Corollaries. We assume the notations of the proof of Theorem 3.1.

As T',, is a circle centered at the origin, if C' has a symmetry with respect to a vertical

plane through the origin, then C'UT",, has the same symmetry as C. Fix n and consider

the solution w,, of (8). By Alexandrov reflection method, the graph of u, (and hence

the function w,) has the same symmetry as well. Then the limit function u of the
sequence {u,} has the same symmetries as each u, and so does its graph.

o

Conjecture 2. Let I' be a simple closed curve in H? x R that is the boundary of

a graph M of growth \/La over an exterior domain. Then M s the only graph with

1
boundary I' and growth Ta

Conjecture 3. Let M be a surface with constant mean curvature H = % properly
embedded in H? x R, with two vertical graph ends. Then M is a rotational surface.

4 Vertical Halfspace Theorem

D. Hofmann e W. Meeks proved the Halfspace Theorem in [8]: there is no minimal
surface properly immersed in a halfspace of R3. Halfspace theorem for minimal surfaces
in H? x R is false, in fact there are many minimal surfaces in H? x R that have bounded
third coordinates (see [12], [21]). It is natural to investigate about halfspace type results
for surfaces of constant mean curvature H = % in H? x R. We are able to prove the
following result.

Theorem 4.1 Let S be a simply connected rotational surface with constant mean cur-
vature H = % Let 32 be a surface with constant mean curvature H = %, different from
a rotational simply connected one. Then, X can not be properly immersed in the mean
convex side of S.

In [10] L. Hauswirth, H. Rosenberg and J. Spruck prove a halfspace type theorem
for surfaces on one side of a horocylinder.

Proof. One can assume that the surface S is tangent to the slice ¢ = 0 at the origin
and it is contained in {t > 0}. Suppose, by contradiction, that ¥ is contained in the
mean convex side of S. Lift vertically S. If there is an interior contact point between
Y and the translation of S, one has a contradiction by the maximum principle. As ¥
is properly immersed, ¥ is asymptotic at infinity to a vertical translation of S. One
can assume that the surface ¥ is asymptotic to the S tangent to the slice t = 0 at the
origin and contained in {t > 0}.

Let h be the height of one lowest point of ¥. Denote by S(h) the vertical lifting of
S of ratio h. One has one of the following facts.

e S(h) and X has a first finite contact point p : this means that S(h — ¢) does
not meet ¥ at a finite point, for ¢ > 0 and then S(h) and ¥ are tangent at p
with mean curvature vector pointing in the same direction. In this case, by the
maximum principle S(h) and ¥ should coincide. Contradiction.
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e S(h) and ¥ meet at a point p, but p is not a first contact point.Then, for € small
enough, S(h — ¢) intersect ¥ transversally.

Denote by W the non compact subset of H? x R above S and below S(h — €).

It follows from the maximum principle that there are no compact component of X
contained in W. Denote by 3; a non compact component of ¥ contained in W. Note
that the boundary of 3; is contained in S(h — €). Consider the family of rotational
non embedded surfaces ‘H,, o > 1. Translate each H, vertically in order to have the
waist on the plane t = h — e. By abuse of notation, we continue to call the translation,
‘H,. The surface H,, intersects the plane ¢ = h — ¢ in two circles. Denote by p, the
radius of the larger circle. Denote by H, the part of the surface outside the cylinder
of radius p,. Notice that H,}! is embedded. By the geometry of the H}, when « is great
enough, say ap, H/, is outside the mean convex side of S (cf. [13]). Then, H7 does
not intersect ¥. Furthermore, when o« — 1, H converge to S(h — ¢). Now, start to
decrease « from g to one. Before reaching o = 1, the surface H first meets S and
then touches ¥; at an interior finite point. This depends on the following two facts.

e The boundary of ¥; lies on S(h — ¢) and the boundary of any of the H,} lies on
the horizontal plane t = h — €.

e The growth of any of the H is strictly smaller than the growth of S. Thus the
end of H} is outside the end of S.

The existence of an interior contact point is a contradiction by the maximum prin-

ciple.
[

Conjecture 4. Let S be a simply connected rotational surface with constant mean
curvature H = % Let X2 be a surface with constant mean curvature H = % different
from a rotational simply connected one. Then, 3 can not be properly embedded in the
non mean convez side of S with mean curvature vector pointing towards S.

Conjecture 5. Let Y1, Yo be two properly embedded surfaces with constant mean
curvature H = %, different from the rotational simply connected one. Then ¥; can not
lie in the mean convex side of Xj, © # j.

Another statement for the same conjecture.

Conjecture 5'. Let X be a properly embedded surface with constant mean curvature
H = %, different from the rotational simply connected one. Then, there is no properly
embedded surface with constant mean curvature H = %, contained in the mean convex

side of 3.
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