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Abstract

This paper deals with the joint spectral radius of a finite set of matricesayMhat a set
of matrices has théniteness propertif the maximal rate of growth, in the multiplicative
semigroup it generates, is given by the powers of a finite product.

Here we address the problem of establishing the finiteness propertiesr®p 2x 2
sign-matrices. Such problem is related to the conjecture that pairs of sigicesdulfil the
finiteness property for any dimension. This would imply, by a recent régukingers and
Blondel, that finite sets of rational matrices fulfil the finiteness propertychwvtvould be
very important property in terms of the computation of jihiat spectral radiusThe finite-
ness property ofi x n sign-matrices remains open but the knowledge of its validity in the
2 x 2-case gives the hope to solve it by using some induction argument on thesitime

As a main tool of our proof we make use of a procedure to compute a satezalgoly-
tope extremal nornfor the set. In particular, we present an algorithm which, under some
suitable assumptions, is able to check if a certain product in the multiplicative irmig
iS spectrum maximizing.

For pairs of sign-matrices we develop the computations exactly and hemablarto
prove analytically the finiteness property. On the other hand, the algoréime used in
a floating point arithmetic and provide a general tool for approximating thé $piectral
radius of a set of matrices.

Key words: Joint spectral radius, extremal norm, real polytope norm, finitenege o
sign matrices.
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1 Introduction

For a family.Z = {A1)},. ,, the following definitions are given in the literature. Let
|- || be a given norm on the vector spa&®(or C") and let the same symbjpl|| also
denote the corresponding induced n-matrix norm. Then, for eack=0,1,...,
consider the sefy(.%#), with the convention thaio(.#) = {I}. In the sequel, we
shall make use of the notation

2(7) = () (1)
k>0

in order to indicate the multiplicative semigroup.

For eachk > 0 set

B()= sup [P @
Pez (F)

and define thgoint spectral radiusof . as

p(F) = limsuppy (7)Y

k—oo

(see [19]). Note that the numbedg(.% ) depend on the particular norfn || used
in (2) whereas, by the equivalence of all the norms in finiteahsional spaces,
p(%) is independent of it.

Analogously, letp(-) denote the spectral radius of anx n-matrix and then, for
eachk=0,1,..., consider

p(F)= sup p(P)

PE3 ()

and define thgeneralized spectral radiusf .# (see [5]) as

p(7) = limsuppy(.7 )X,

k—o0

Recently it has been shown that
p(F)=p(F)

(see [2], [6], [21] and [20]). This means that the joint and generalized spectral
radius of.# are the same number, which we shall simply call $pbectral radius
of the family of matrices#? and denote by (.#). Such result generalizes the well-
known Gelfand theorem for singlematrix.

We introduce now a further characterization of the jointctae radius. Given a
norm||- || on the vector spacg" and the corresponding inducec n-matrix norm,



we shall still use the same notation to define

1.7 || = po(F) = sup||AV]|.
ies

The following result can be found, for example, in [19] andl [6

Theorem 1.1 The spectral radius of a bounded fami#y of complex nx n-matrices
is characterized by the equality

p(F)= it |7, €

where_4” denotes the set of all possible induced n-matrix norms.

Given a family.#, an important question to answer is whether or not the inf in
(3) is actually attained by some induced matrix norm. To pligpose, we give the
following definition.

Definition 1.1 We shall say that a norm- || satisfying the condition
|71« = p(F)

is extremalfor the family.#. A family of matrices which admits an extremal norm
is said to benon-defectivesee, for example, [9]).

The actual computation g¥(.#) is an important problem in several applications
(see e.g. [10,11,16,17,1]) The problem, however, appears difficult in general
(see e.g. [22]). Based on the inequalities

ox(F) < p(F)K< p(F) forallk> 1,

(see [5]), an algorithm for efficiently computing lower baisrand upper bounds to
p(%) is proposed in [7]. Lately, further approaches for the apipnation of the
joint spectral radius have been considered (see for exd@dland [18]).

A way to compute exactly the joint spectral radius is basetherfollowing prop-
erty. If o > 0 then

p(F)=ap (%ﬁ) :
So, if P € Zx(.#) is a certain product and
a = p(P)Y,

then we have thap (+.#) > 1. Now, if we are able to find a norm such that
|1.7|| = 1 we would have that

a<p(F)<a = p(F)=a=pPY



That would mean that the finiteness property holds and theéuatd determines
the maximal growth ratio withilX(.%) (see the forthcoming Definition 2.1).

The summary of the paper is the following. First, in Sectiorw2 introduce the
main ideas of a procedure able to construct an extremal n@hch is obtained
by applying the product semigroup to a suitable initial eecThen we introduce
real polytope norms, the main tool we use for the computaifdahe joint spectral
radius, and present the procedure for the construction ektemal norm. Then,
in Section 3 we prove - case by case - the finiteness propertydios of 2x 2
sign-matrices. Finally, in Section 4 we outline some cosidos.

2 Constructing extremal real polytope norms

In this section we are concerned with the construction ofxdremal norm for a
non-defective family. To this aim, we need to review someddsfinitions and
results from the literature.

We recall that, if2" is a subset oR", then cq.2", —2") is the set of all the finite
convex linear combinations of vectors pf", — 2}, i.e.,x e co(Z",— %) if and
only if there exisixy, ..., xx € 2 with k > 1 such that

k k
X=Y A%+ (—x) with A, >0 and Ai+u) <1
i; i Al |( ) iy Mi I;( i |>

Following [12], where the more general complex case wagsddeave say that a
bounded set” C R" is abalanced real polytopéb.r.p.) if there exists a finite set
of vectors.Z2” = {X }1<i<m such that spai2”) = R" and

P =co(X,-X). 4)

Moreover, if cd 27, —2") ¢ co(Z",—Z) for all Z' & 27, then the set?” is
called anessential system of verticksr &7, whereas any vectatx; is called a
vertexof &.

Clearly, the set? is the unit ball of a nornj| - || »» on R", which we call areal
polytope normand is characterized as follows.

Lemma 2.1 Let {2} ; be a set of vectors spannifRj' and & = co(Z",—Z").
Denote by - || the corresponding real polytope norm. Then, for any R", it
holds that

2=, min {imm | Zzli/\ixﬁrﬂi(—xi)}- ©)



It is well-known that real polytope norms are dense in theofetal vector norms.
Similarly, the corresponding matrix norms are dense in #tetreal induced op-
erator norms.

Due to such density property we have the following result.

Theorem 2.1 The spectral radius of a bounded famiy of real nx n-matrices is
characterized by the equalify(:#) = inf | c_s., | # |, where.#jq denotes the set
of all possible induced r n-matrix real polytope norms.

For someP € % (.%#) such thata = p(P)l/" > 0, it is convenient to consider a
scaling of the original familyZ = {A()},. , by the scalaor so as to obtain

F* = {a’lA(i)} :
ies

In such a way we automatically hayg.*) > 1, an assumption which will be

useful in the forthcoming Theorem 2.2.

Let us consider a (scaled) familf* with p(.%#*) > 1. Then, for any vectax € R",
we define the set (see (1))

T[F* X ={Px |PeZ(F")}, (6)

i.e., thetrajectoryobtained by applying all the produd®sof matrices of# * to the
vectorx.

The following theorem illustrates the possible use of tlagetitory in the determi-
nation of an extremal norm.

Theorem 2.2 Let.#* be a family of real n« n-matrices such thgd(.#*) > 1 and,
for a given xc R", let the trajectory.7 [.#*,X| be a bounded subset&f such that

spar(ﬂ[ﬁ*,x]) = R". Then we have tha#* is non-defective ang(.7*) = 1.
Furthermore,

y[ﬁ*,x]:Co(f[ﬂ*,x],—ﬂ[ﬁ’*,x]) (7)
is the unit ball of an extremal normh. || for .#* (that is, ||.7 || = 1).

The proof is analogous to that given in [13] in the more gelrmratext of complex
families.

Whenp(.#*) = 1, building the trajectory provides a tool for the constimeif an
extremal norm and, hence, for the computation of the sdeeinaus.

Assume that the hypotheses of Theorem 2.2 hold. The passitilactually de-
termining an extremal polytope norm, if any, is based on #ach for asuitable
initial vector xto which it corresponds a trajectory such that the e¢t7* x] is a
symmetric real polytope. Such a choice is suggested by ttemteesult in [8] and



is related to the knowledge (or the guess) of a spectrum maixighproduct (see
the forthcoming Definition).

Definition 2.1 (s.m.p.) If .# is a bounded family of complex>nn-matrices, any
matrix P € 3 (.#) satisfying

p(7) = (7)Y = p(P)¥
for some k> 1 will be called aspectrum-maximizing produ¢s.m.p) for .%.

Ans.m.p. is saichinimalif it is not a power of another s.m.p. &f. Any eigenvector
x # 0 of P related to an eigenvalug with |A| = p(P) is said to be aeading
eigenvectoof .#.

In [8] we have proved that under some suitable conditiong;hwve do not discuss

here, if a finite family.%* such thap(.%#*) = 1 of realn x n-matrices has an s.m.p.
P having a unique a leading eigenvectqrthen it admits an extremal polytope
norm. More specifically the set (see (6), (7))

071F N7 [F" X
is finite. Hence there exists a finite number of prod4&s}y_, € > (.#*) such that

SF* K = co<%,—%), with 2" = {F{ X}r_1-

We have also shown (see [8]) that, for a different choice efittitial vector, the
finite convergence may not hold. Since we are interestediteffi@ss properties and
hence in an exact determination of an extremal norm, suclomelof the initial
vector turns out to be essential.

2.1 A procedure to construct an extremal real polytope norm

The following procedure is derived by a suitable developn(esstricted to the real
case) of previous algorithms (see [14,13]).

We assume tha¥ is finite, non-defective and irreducible (for the non-déifexal-
though reducible case we can proceed as in [13] and still msé®f the procedure
we propose). For a suitable initial vectgrthe idea is that of computing iteratively
the trajectory.7 [.%*,x]. While iterating, check whethe#* maps the convex hull
of the balanced trajectory’[.#*, x| into itself.

The idea of the following algorithm is that to apply recuedwthe scaled family
Z* in order to construct the trajectory step by step startinoghfan initial vector.



Algorithm 2.1 (for the construction of an extremal real polytope norm f8r=

(AW, A}
Initialization

Choose a candidate s.mPe (%) (for somek) and setr = p(P)/k;

define the scaled family-* = { a 1Al }E (which is such thap(.#*) > 1);
compute a Ieadlng eigenvectoof P and setvo =u;

define? (© = = {vo}, )y =1 and set?®) = co <7/(°), —”//(0)>;
sets=1.

Main iteration

(C) Let2 "V ={x}+*,; and set2’® = 0;
setus=1 (the mlnlmal admissible value for the norm to be constmigte
fori=1,¢
for j=1,Js
compute the vectqr"j = Alx;;
compute the normpt! = [|y! || s v
if i > 1and+y, ¢ 27 theninserty into 2°(9);
if pl > s thensetys = i
end
end
if 27 = 0 thenstop (we have (#*) = 1 and||- || ;1) is an extremal norm);
sety (& = y(s-Dy 2°09);
set2(® = co( 719, —¥1);

compute an essential system of vertiges) ¢ v (8 of 2(9);
updatey (9 = (9);

set2'® = 276N ¥ andJs 1 = cardinality of 2°(9);
sets= s+ 1 andgo to(C).

If the procedure halts for sonsethen, due to the irreducibility assumptio#?,(s—1)
determines the unit ball of an extremal real polytope norm#d. In any case, the
quantity s = [|.%*|| ;»s-1) provides an upper bound m(.%*). Consequently,

p(F) <aps.

We remark that the initial choice of the prodiRimay be obtained, for example,
by means of the algorithm of Gripenberg [7], which progreslsi computes the
quantitiespx(-#) and px(.#). Hence, a suitable choice féris that of the product
determining the lower bound(.%#).



A stopping criterion

A useful criterion to stop the iteration and eventually distthe candidate s.m.p.
P is given by the following theorem.

Theorem 2.3 Let .# be a finite irreducible family of matrices. Ip\Vies strictly
inside 29, that is,

ez ®, (8)
at some step s of Algorithm 2.1, thp%*) > 1. Viceversa, ifo(.-#*) > 1, then
there exists s such that (8) holds.

Proof. Assume that, at some stapvo €% (9. This would mean that there ex-
istsxs € .29 such thatxs = Bsvo with Bs > 1. Let 7 = {v}", be such that
{7®, —¥ 1 is an essential system of vertices #. This means that we can
write

m m
Xg = Zl)\ivi—f—ui(—vi) with Z()\i-l—ui) =1.
i= i=
Since, by construction, for allthere exists a finite produd’) e 3(.#*) such that
vi = Pl)yy, there must exist at least one prodBet Z(.%*) such that
IPVoll e = 1.

Since
1= |[%sll so9 = Bsl|Vol| (95
we have

IPVoll 59 = Bsl|[Voll 59 > [IVoll o9 == [Pl jo9 > Bs > 1.

As a consequende? || ;s > 1.

Since2® C 25t we would still havery € 2 (5+1) and the previous condition
would occur for all subsequent valuesvith Bs1 > Bs.

If p(.Z*) = 1, by the irreducibility assumptio#?® would converge to some cen-
trally symmetric convex set &s— oo.

As a consequence there would exdsuth that|P|| ,,«) < Bsfor all r > § which is
not possible. Consequentty . *) > 1.

Viceversa, by the irreducibility assumptiongf.#*) > 1 then

lim 229 = RN
S—0o

This implies that there existssuch that/ e{& SN |



Computation of the polytope norm

In order to compute the norfiz|| » where” =co(2",—2") with 2" = {X1,...,Xm},
we observe that (5) is a standard linear programming probleime form

min f :E (Ai + i)

i=1

m
subjectto S Aixi + ti(—x) =z 9)
i=1
and A >0, >0, i=1...m,
which can be solved efficiently.

Now we pass to consider the finiteness property ef 2 sign matrices. We de-
note byM,(S) the set ofn x n matrices with enties if—1,0,+1}. We recall the
following conjecture by Blondel andidigers [15].

Conjecture 2.1 Let ne N. Every pair of nx n sign-matrices fulfil the finiteness
property.

3 Finiteness properties of pairs of matrices irMz(S)

We consider here the case of a famiy= {A, B} whereA,B € Mx(S).

The number of ordered pairsl{ = 3%(3* — 1) = 6480) is very large, but the number
of cases to examine is immediately reducedie= N, /8, since the joint spectral
radius of the set§+A, +B} does not change as well as it does not depend of the
ordering of the two matrices. Henblk = 810, which is still a quite large number of
cases. By using suitable properties, we shall see that thalaatmber of essential
cases to examine is much lower.

Mainly, the properties we shall use are based on suitabléesity transformations,
which do not change the joint spectral radius.

As in [15], in order to analyze the essential cases, we sap#ram into classes
(ng,n1), whereng is the number of non-zero entries Afandn; is the number of
non-zero entries d8. By simmetry, we can assunmg > n;. Our approach consists
in showing the finiteness property of every considered cgsketermining explic-
itly the associated s.m.p. through the construction of @ablé extremal norm. This
does not allow a unified proof but, instead, requires to tneast of the essential
cases separately.

Although all the pairs of binary matrices have already bemrsitlered in [15], here



we reconsider the most difficult cases because our procexiguite different from
that used in [15] and does not rely on the possible non-ngtyatif the matrices.

The set of non-equivalent matrices with a single non-zetoyemhich has to be
considered is given b = {Ci}# ; with

10 01 00 00
C1= , C= , Cg= , Ca= :
00 00 10 01

The set of matrices with two non-zero entries which have todmsidered is given
by D = {D;}{; with

1 0 01 01
Dg = , Dio= , Diu1= -
0-1 10 -10

The set of matrices with three non-zero entries which habe twonsidered is given
by E = {E;i}15; with

11 1-1 11 1-1
El( )a EZ( )7 E3( )7 E4( )7
10 1 0 -10 -1 0



10 10 -10 -10

Eg = , Ei0= , Enn= , Eip=
11 -11 -11 11
01 0-1 01 0-1
Eiz= , E1a= , Ei5= , Ei1e=
11 1 1 -11 -1 1

The set of matrices with four non-zero entries which havestodnsidered is given
by F = {F}8 ; with

-11 1-1 11 1 1
I:1: 5 FZZ ; F3: ’ I:4: )
11 1 1 -11 1-1
1 1 1-1 1-1 11
Fs = , Fe= , F= , Fs=
-1-1 1-1 -1 1 11

Now we consider the similarity transformations associébetie matrices

01 1 0 01
P].: ) P2: ) %: Y
10 0-1 -10

which are such tha®? =1,PZ =1, P2 = —I.
Clearly, we have that
RCP. lc+C, RDR 1c+D, REPR 'c+E, RFRP lc+F. (10

In particular,
Dy~ Dz ~D3~ D4, Ds~ Dg~ D7~ Dg, (11)

E1 ~Es~Eiz3~E1s, Ex~E3z~E14~ Egs,
Es ~ Eg ~ Eg~ E19, E7~Eg~E11~Ejp,

(12)

Fi~F, FB~FR, Fk~F, F~F. (13)

11



where~ denotes similarity.

In the sequel, we shall denote B§* = {A*,B*} the scaled family to be proved to
have joint spectral radius equal to 1.

In the following detailed analysis of all possible casesps®f them are treated in
an easy way just by observing that one of the standard nfyriis || - |2 and|| - ||
is extremal.

Some other cases are easily treated by observing that theotgtope norm| - ||,
associated to the b.r.g?* = co(V,—V) with V = {vp,v1,v2}, where

1 1 0
Vo = y V1= ;o V2= )
0 1 1

is extremal.

All the other cases are treated by using Algorithm 2.1.

The caseng =1

The only possibility igng,n;1) = (1,1), corresponding to families of the typg =
{G.Ci} (i <))

The analysis is always trivial. In fact, it is very easy to Hestp(.#) = 1 and any
among|| - [|1, || - |2 and|| - || is @n extremal norm. Moreover, iif=1 or j = 4 an
s.m.p. isP = C; or Cy, respectively. Only ifi, j) = (1,2) an s.m.p. i$> = C,Cs.

The caseng =2

In view of (10) and (11), we can restrict the choice of the finsttrix A to the set
D’ = {D;,Ds,Dg,D10,D11} and let the choice dB be free inD.

12



The subcaséng,n;) = (2,1)

It corresponds to families of the typ# = {D;,C;}.

Since||Cj||1 = ||Cj||le« = 1, p(Di) = 1 and eithef|Dj||1 = 1 or ||Dj||» = 1, we have
thatp(.#) = 1 and that an s.m.p. B=D;.

The subcaséng,ny) = (2,2)

It corresponds to families of the typ€ = {D;,Dj}.

e A=D;andB=Dj (j =2,3,4,9,10,11).
Sincep(A) = p(B) = ||A]l1 = ||B]|1 = 1, we have thap(.#) = 1 and thatA and
B are both s.m.p.s.

e A=Dq andB = Ds.
We find thatP = ABis an s.m.p.p(.%) = p(P)¥? = /2 and an extremal poly-
tope norm is giver”? = co(V, —V) with V = {vp, v1, 2}, wherev, is the leading
eigenvector oP, v; = A*vp, Vo = B*v.

e A=D; andB = De.
We find thatP = Bis an s.m.p.p(.-#) = p(P) = 1 and an extremal polytope norm
is givenZ = co(V,—V) with V = {vp,v1}, wherevy is the leading eigenvector
of P, vi = A*vp.

e A=D;andB=Dj (j =7,8).
SinceA? = A, B2 =B, p(AB) = p(BA) = 0 andp(A) = p(B) = 1, we have that
p(#) =1 and thatA andB are both s.m.p.s.

e A=DsandB e D.
SinceDs = D] andDT C 4D and since, ifP is an s.m.p. of the family7 =
{A,B}, thenP' is an s.m.p. of the family#7 T = {AT BT}, we are led again to
the previous cases.

e A=DjandB=Dy (j =9,10,11, k=2,3,4,6,7,8).
Since PiDgP; * = —Dg, P.DgP; 1 = Dg, PsDgP; = —Dg, P1D1oP; * = D1,
P,D1oP; 1 = —D1o, PsD1oP3 * = —D1o, PiD11P; * = —D11, PD11Py 1 = —Duy,
P;D11P; 1 = Dy; and sincePiDoP; * = Dy, P.D3P, ! = Dy, PsD4Py* = —Dy,
PiDeP; ! = Ds, P.D7P, ! = Ds, PsDgP; * = —Ds, by using the similarity trans-
formations associated ), P, andP; we are led to the previous cases.

e A=Dj andB =Dy (j,k=9,10,11).
Sincep(A) = p(B) = ||All« = ||B||« = 1, we have thap(.#) = 1 and thatA and
B are both s.m.p.s.

13



The caseng =3

In view of (10) and (12), we can restrict the choice of the fnsitrix A to the set
E' = {E1, E, Es, E7} and let the choice dB be free.

The subcaséng,n;) = (3,1).

It corresponds to families of the typ# = {E;,C;}.

e A=—E;,BeC.
We find thatP = Ais an s.m.p.p(.%#) = p(P) = %5 and an extremal polytope
norm is given by = co(V,—-V) with V = {vo,v1}, wherevy is the leading
eigenvector oP, v; = B*vp.
e A=E5,B=Cj (j=1,24).
The family.# is upper triangular and defective witl{.# ) = 1 andAis an s.m.p..
e A=E5,B=Cs.
We find thatP = A*Bis an s.m.p.p(.#) = p(P) = 4%/5 and an extremal polytope
norm is given by%? = co(V, —V) with V = {vo,v1,V2,V3,V4,Vs5}, wherev, is the
leading eigenvector d?, vi = A*vp, Vo = B*vp, V3 = A*Vp, V4 = A*v3, V5 = A*vg.
e A=E;,BeC.
Sincep(A) = ||All; = ||B||;” = 1, we have thap(.#) = 1 and thaiA is an s.m.p..
e A=—E;, BeC.
Sincep(A) = ||All; =|B|l; =1, we have thagp(.#) = 1 and thatAis an s.m.p..

The subcaséng,n;) = (3,2)

It corresponds to families of the typ€ = {E;,Dj}.

e A=E;,BeD.
Sincep(A) = ||All2 = % and||B||2 < v/2, we have thap(.#) = 1 and thatA
isan s.m.p..

e A=Ep,B=D;.
We find thatP = ABis an s.m.p.p(%#) = p(P)l/2 = /2 and an extremal poly-
tope norm is giver”? = co(V, —V) with V = {vp, v1, V2 }, wherev, is the leading
eigenvector oP, v; = B*vp, Vo = A*v.

e A=E;,B=Dj (j =2,8).
We find thatP = A?B is an s.m.p.p(.%#) = p(P)¥/3 = 2/3 and an extremal
polytope norm is given? = co(V,—V) with V = {vp,v1,V2}, wherey is the
leading eigenvector d?, vi = B*vp, Vo = A*vy.

e A=E;, B=Dj (j=345,6,10).

14



Sincep(A) = p(B) = |AlF = ||B||; = 1, we have thap(.#) = 1 and thaA and
B are both s.m.p.s.
A=Ep, B=Dx7.
We find thatP = ABis an s.m.p.p(.%) = p(P)¥2 = /2 and an extremal poly-
tope norm is giver? = co(V, —V) with V = {vo,v1, V> }, wherevy is the leading
eigenvector oP, v1 = B*vp, Vo = A*vy.
A=E, B=Dsq.

1/2
We find thatP = ABis an s.m.p.p(.#) = p(P)¥/2 = (%) and an extremal
polytope norm is given by” = co(V, —V) with V = {vp,v1,v2}, wherevy, is the

leading eigenvector d?, vi = B*vg, Vo = A*vp.
A=E>, B=D1;.

1/5
We find thatP = ABA2Bis an s.m.p.p(.%) = p(P)Y/5 = <3+—2£> and an ex-
tremal polytope norm is given by = co(V, —V) with V = {vo, V1, V2,V3,Va,Vs5},
where vy is the leading eigenvector d?, vi = B*vg, Vo = A*vy, v3 = Afvy,
V4 = B*vp, v5 = B*vs.
A=E5,B=D;(j=136,8,9).
The family .# is upper triangular and defective with(.%#) = 1 and bothA and
B are s.m.p.s.
A=Es5,B=Dj (j=2,5).
We find thatP = A?B is an s.m.p.p(.%#) = p(P)¥/3 = 33 and an extremal
polytope normis given by? = co(V, —V) with V = {vp, v1, V2, V3,V4}, wherevg
is the leading eigenvector &f vi = A*vg, Vo = B*vp, V3 = A*vy, V4 = A*Va.
A=Es, B=Dj (j=4,7).
We find thatP = ASB is an s.m.p.p(.%#) = p(P)¥/® = 21/3 and an extremal
polytope normis giver”? = co(V, —V) with V = {vo, v1, V2, V3,V4,Vs5, Vs }, Where
Vo is the leading eigenvector &f, vi = A*vg, Vo = B*Vp, V3 = A"vp, Vs = A*vs,
Vg = A*V4, Vg = A*V5.
A=Es, B=Dyp.

1/4
We find thatP = A3Bis an s.m.p.p(.%) = p(P)¥/4 = (%ﬁ) and an ex-
tremal polytope normis given by? = co(V, —V) with V = {vp, V1, V2, V3, V4, V5 },
where vy is the leading eigenvector d?, vi = A*vg, Vo = B*vg, v3 = A*vy,
V4 = B*vq, v5 = Afvs.
A=Es, B=D;.
We find thatP = A*B is an s.m.p.p(.%) = p(P)Y/® = (24 v/3)¥/% and an ex-
tremal polytope normis give®” = co(V, —V) with V = {vp, V1, V2, V3, V4, Vs, Vs },
where vy is the leading eigenvector d?, vi = A"vg, Vo = B*vp, v3 = A*vy,
V4 = A*v3, V5 = A*vy, Vg = B vs.
A=E;,B=D;(j=1,3,6,8,9).
The family.Z is upper triangular withp(.#) = 1 andA andB are both s.m.p.s.
A=E7,B=Dj (j =2,7,10).
Sincep(A) = p(B) = ||All; = ||B||x =1, we have thagp(.#) = 1 and thatA and
B are both s.m.p.s.
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Fig. 1. Polytope norm for the pa§iA = Es, B = D4} (left) and for the pai{ A= Es,B=D11}
(right).

e A=E7,B= DJ (J :475)
We find thatP = ABis an s.m.p.p(.%) = p(P)¥? = /2 and an extremal poly-
tope norm is given by” = co(V, —V) with V = {vp, V1 }, wherey is the leading
eigenvector oP andv; = B*vp.
e A=E7,B=D11.
1/2
We find thatP = ABis an s.m.p.p(.#) = p(P)¥/? = (”Tﬁ) and an extremal

polytope norm is given by” = co(V,—V) with V = {vp,v1}, whereyy is the
leading eigenvector d? andv; = B*vp.

Now we give a detailed proof of the ca8e= E,, B= D1;.

Lety = ﬁ. Then we get

1 2 3+v5
Vo= 2 yVi=Y 1+v5 , Vo = VZ 1+2\@ 5
1+/5 -1 1+/5
2f 3+/5
V3 V3 31./5 , V4 V3 318 , V5 )/1 1
1++/5 1+5

As illustrated in Figure 2, we analyze the transformed wesctt* (V). Some of
them are vertices themselves by constructiongéfand, hence, do not need to
be analyzed. Here we report such vectors together with tmemzing convex
combinations of vertices o#” which determine their norms (see (9)):
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i

Avo=y | M5 | =Avs+pu(—vy),

S

|A*Vo|| 22 = A + =~ 0.90;
Afvy = Vvo;

Afvy = v3;

Ava=A(—vy), A=y,
5+v5

Afvy = V‘ 1+2ﬁ =AVo+Uvs, A=
1+/5

HA*V4||gz =A+ u~0.98,;
A'vs = Vp;

B*vo = vi;

B'vi=A(-Vo), A=V,
B*vo = vy,

B*vz =vs;

B*'va=A(—w), A=y
B'Vs=Avs, A=V,

_ 2(3+5)
 y2(11+5v5)’

||A"v3|| 2 = A =~ 0.56;

4(2+\/§)y2
7+3/5 7

||B*V0||<@ =A ~0.68;

||B*V4||<@ =A ~0.68;
HB*V5ng = A ~0.68.

2

V2(7+3V5)’

2

T 7135

This proves the extremality dff- || »» and thatP = ABAB is an s.m.p..

1
LI

V3

Vo
V2

15
L.J

V5

V4V1

[REY
a

H
[¢)]

Fig. 2. Polytope norm for the pa{iA = E,, B = D11} (left) and the set7*(V) (right). Red
points indicate the vectofA™y; }?:0 and blue points indicate the vectdi*v; ?:0.
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The subcaséng,n;) = (3,3).

It corresponds to families of the typ€ = {E;,E;}.

e A—E;,BeE.
Sincep(A) = [|A]l2 = [|B|l2 = 1522, we have thap(.#) = 12 and thatAis an
s.m.p..

e A=E>, B=Es.
We find thatP = AB is an s.m.p.p(#) = p(P)%/2 = 145 and an extremal
polytope norm is given by” = co(V,—V) with V = {vo,v1}, whereyy is the
leading eigenvector d? andvy; = B*vp.

e A=Ep, B=E; (j = 4,13 16). Sincep(B) = [|A]|2 = ||B||]2 = 1522, we have that
p(.F) = 15/5 and thaB is an s.m.p..

e A=E B=E;j(j=5,10).
We find thatP = AB® is an s.m.p.p(.%) = p(P)/* = (24 /3)%* and an ex-
tremal polytope norm is given by? = co(V, —V) with V = {vp, V1, V2, V3, V4, V5, Vs, V7 },
where vy is the leading eigenvector d?, vi = A*vg, Vo = B*vg, V3 = A*vy,
Va4 = B*Vp, V5 = A"Vy, Vg = B*Vvg, V7 = B*vg.

e A=E;,B=Ej (j=6,9).
We find thatP = A?B% is an s.m.p.p(.#) = p(P)Y/®> = (2+1/3)%/% and an ex-
tremal polytope norm is given by? = co(V, —V) withV = {vp, V1, V2, V3, V4, Vs, Vs },
where vy is the leading eigenvector d?, vi = B*vg, vo = B*vy, v3 = B*vy,
V4 = A*vz, V5 = B*vg, Vg = A Vs.

e A=E,B=Ej (j =7,12).
We find thatP = AB is an s.m.p.p(.#) = p(P)¥2 = (14 v/2)Y/2 and an ex-
tremal polytope norm is given by? = co(V,—V) with V = {vp,v1,v2}, where
\p is the leading eigenvector & vi = A*vg, Vo = B*vp.

e A=E;, B=E;(j=8,1115).
Sincep(A) = p(B) = |All; = ||B||li” = 1, we have thgp(.#) = 1 and thatA and
B are both s.m.p.s.

e A=FEy, B=Eja
We find thatP = ABA’BAR is an s.m.p.p(.%) = p(P)Y8 = (7+4/3)/8and an
extremal polytope normis given Y = co(V, —V) with V = {vo, v1,V2,V3,Va, Vs, Vg, V7 },
where g is the leading eigenvector d?, v1 = B*vp, Vo = B*vy, v3 = A*vy,
V4 = B*v3, V5 = A*vy, Vg = A"Vs, V7 = B*v.

Observe that this is the first of the two cases with the langestber of factors
in the s.m.p.. The essential vertices®@fare just the leading eigenvectors.4f,
that is, the eigenvectors of all the cyclic permutation® of

e A=Es B=E; (j =3,15).
We find thatP = A3B? is an s.m.p.p(#) = p(P)1/° = (2 + \/§)1/5 and an ex-
tremal polytope norm is given by? = co(V, —V) with V = {vp, V1, V2, V3, V4, Vs, Vs },
where vy is the leading eigenvector d?, vi = A*vg, Vo = B*vg, v3 = B¥vy,
V4 = B*Vp, V5 = A*vy, Vg = A" Vs.
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Fig. 3. Polytope norm for the pa§iA = E,, B = Es} (left) and for the paif A= E,,B=Ejo}
(right).

1 15
i e ) L.J

[REN
a

Fig. 4. Polytope norm for the pa§iA = E,, B = Eg} (left) and for the paif A= E;,B=E14}
(right).

e A=E5,B=E; (j =4,1316).
Sincep(B) = [|All2 = [|B|l2 = 12, we have thap(.#) = 155 and thaB is an
s.m.p..

e A=E;,B=E; (j=6,7,8).

The family % is upper triangular and defective with(.#) = 1 and bothA and
B are s.m.p.s..

e A=Es, B=Ey.

We find thatP = ABis an s.m.p.p(.#) = p(P)¥/2 = 15 and an extremal
polytope normis given by? = co(V, —V) with V = {vp, v1, V2, V3,V4}, wherevg
is the leading eigenvector &fandvy = A*vg, Vo = B*vp, v3 = A*vy, V4 = B*vs.
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e A=Es, B=Ejp.
We find thatP = A*B*is an s.m.p.p(F) = p(P)Y8 = (7+4V/3) /8 and an ex-
tremal polytope norm is given by? = co(V, —V) with V = {vp, V1, V2, V3, V4, Vs, Vs, V7 },
where vy is the leading eigenvector d?, vi = B*vg, Vo = B*vy, v3 = B*vy,
Vg4 = B*v3, V5 = A"y, Vg = A*vg, V7 = A"V

This is the second of the two cases with the largest numbexabddrfs in the

s.m.p.. Again, the essential vertices@fare just the leading eigenvectors.sf.

e A=Es, B=E; (j =1112).

: . 1/4

We find thatP = A3B is an s.m.p.p(.%) = p(P)Y/* = (“T‘/E) and an ex-
tremal polytope normis given by? = co(V, —V) with V = {vp, V1, V2,V3,V4, V5 },
where g is the leading eigenvector d?, vi = A"vg, Vo = B*vp, v3 = B*vy,
V4 = A*Vz, Vg = A*vy.

e A=Es, B=Ejy.
We find thatP = A3B is an s.m.p.p(#) = p(P)¥4 = (2+ \/1_3)1/4 and an ex-
tremal polytope norm s given by? = co(V, —V) withV = {vg, v1, V2, V3,V4, Vs, Vg, V7 },
where g is the leading eigenvector d?, vi = A"vg, Vo = B*vp, v3 = A*vy,
V4 = B*vp, V5 = A*vs, Vg = B*v3, v7 = B*vs.

15 15
L V,
OVO 0
15 115 15
15 15

Fig. 5. Polytope norm for the paifA = Es,B = Ej;} (left) and for the pair
{A: E5, B= E14} (rlght)

e A=E7,B=E; (j =3,1214).
Sincep(A) = p(B) = ||A|l; = ||B|l; =1, we have thgp(.#) = 1 and thatA and
B are both s.m.p.s.

e A=E;,B=E; (j =4,1316).
Sincep(B) = ||All2=[|B||2 = HT\G we have thap(.#) = “T\@ and thaB is an
s.m.p..

e A=E7,B=Ej(j =6,8).
The family .# is upper triangular and defective with(.%#) = 1 and bothA and
Bares.m.p.s..

20



Vo

[NEN
a

Fig. 6. Polytope norm for the pafiA = Es, B = E3} (left) and for the paif A= Es,B=Ejo}
(right).
e A=E;,B=E; (j =9,10).
We find thatP = AB® is an s.m.p.p(.%) = p(P)Y/5 = (%) v and an ex-
tremal polytope norm s given by? = co(V, —V) withV = {vq, v1, V2, V3,V4, V5, Vg },
where g is the leading eigenvector d?, vi = B*vp, Vo = B*vy, v3 = B*vy,
V4 = B*vz, v5 = A*vy.
e A=E7,B=Ej.
We find thatP = AB is an s.m.p.p(.#) = p(P)¥/2 = 145 and an extremal
polytope norm is given by” = co(V,—V) with V = {vp,v1}, wherev is the
leading eigenvector d? andv; = B*vp.
e A=E;,B=E;s.
1/2
We find thatP = ABis an s.m.p.p(.%) = p(P)Y/2 = <1+ \/E) and an ex-

tremal polytope norm is given by? = co(V,—V) with V = {vp,v1,v2}, where
Vo is the leading eigenvector & vi = B*vp, Vo = B*vj.

The caseng =4

In view of (10) and (13), we can restrict the choice of the finsttrix A to the set
F' = {F1,Fs,Fs,Fg} and let the choice dB be free.

The subcaséng,n;) = (4,1).

It corresponds to families of the typ€ = {F,C;}.
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-15 15-15 15
Vo Vo
5 15
Fig. 7. Polytope norm for the pa§iA = E7, B = E;5} (left) and for the pai{f A= E;,B=Eg}

(ri

ght).

A=F (i=1,3),BeC.

Sincep(A) = ||All2 = v/2 and||B||2 = 1, we have thap(.#) = /2 and thatA is
ans.m.p..

A=F5,B=Cj(j=1,4).

Sincep(B) = ||All; =|B|l; =1, we have thap(.#) = 1 and thaBis an s.m.p..
A=F5,B=Cj (j =2,3).

Sincep(AB) = |All; = |IB||; =1, we have thap(.#) = 1 and thatP = ABis
ans.m.p..

A=Fg, BeC.

Sincep(A) = ||A||1 = 2 and||B||1 = 1, we have thap(.#) = 2 and thatA is an
s.m.p..

The subcaséng,n;) = (4,2).

It

corresponds to families of the typg = {F,D;}.

A=F (i=13),BeD.

Sincep(A) = ||All2 = V2 and||B||2 < v/2, we have thap(.#) = /2 and thaiA
isan s.m.p..

A=F5B=Dj(j=127,38,10).

Sincep(B) = ||A|; =|B||; =1, we have thap(.#) = 1 and thaB is an s.m.p..
A=F;,B=Dj(j=3,4,5,6,911).

We find thatP = ABis an s.m.p.p(.%) = p(P)¥/2 = /2 and an extremal poly-
tope norm is given by” = co(V, —V) with V = {vp, V1 }, wherey is the leading
eigenvector oP andv; = B*vp.

A=Fg, BeD.
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Sincep(A) = ||All2 = 2 and||B||2 < V2, we have thap(.#) = 2 and that\is an
s.m.p..

The subcaséng,n;) = (4,3).

It corresponds to families of the typ& = {F,E;}.

Itis useful to observe th&@&F1P; 1 = —Fy, PsFsP; 1 = F3, PiFsP 1 = —Fs and that
both the similarity transformations associated?joand P; are one-to-one appli-
cations between the sets of matrid€s={E; | 1 < j <8} andE” = {E; | 9<

j < 16}. Consequently, wheA = F; (i = 1,3,5), we can restrict the choice of the
matrix B within the setE”.

e A=F,B=Ej(j=14).
Sincep(B) = [|Bl2 = 55 and||A|2 = V2, we have thap(.#) = /5 and
thatBis an s.m.p..

e A=F,B=Ej(j=237).
We find thatP = A is an s.m.p.p(.%) = p(P) = v/2 and an extremal polytope
norm is given by = co(V,—V) with V = {vo,v1,V2}, wherev is the leading
eigenvector oP, v1 = B*vp, Vo = A*v1.

e A=F;,B=Ej (j =5,6).
We find thatP = Ais an s.m.p.p(.%) = p(P) = v/2 and an extremal polytope
norm is given by = co(V,—V) with V = {vo,Vv1,V2,V3,V4,Vs5,Vs}, Wherevg
is the leading eigenvector ¢, vi = B*vp, Vo = A*vy, V3 = B*vq, V4 = A*vs,
Vs = B*v3, Vg = A*vs.

e A=F, B=Es.
We find thatP = ABis an s.m.p.p(.#) = p(P) = v/2 and an extremal polytope
norm is given by = co(V,—V) with V = {vo,v1}, wherevy is the leading
eigenvector oP andv; = B*vp.

e A=F3,B=E;j (j=1,4).
Sincep(B) = [|Bl2 = 155 and||A2 = V2, we have thap(.7) = 145 and
thatB is an s.m.p..

e A=F;,B=Ep.
We find thatP = (AB)2A?Bis ans.m.p.p(F) = p(P)Y/7 = (4 (2+ \/’3))1/7 and
an extremal polytope norm s given By = co(V, —V) with V = {vp, V1, V2, V3, V4,
Vs, Ve, V7, V8, Vo, V1o}, Wherevg is the leading eigenvector &f, vi = A"V, Vo =
B*vp, V3 = A*vq, V4 = A*Vp, V5 = A"y, Vg = A*vsg, V7 = B*vg, vg = A"v7, Vg =
A*Vg, Vi = B*Vg.

e A=F3, B=Eas.

1/7
We find thatP = A2BA3Bis ans.m.p.p(.Z) = p(P)Y7 = (4(2+\/§>> " and

an extremal polytope norm s given By = co(V, —V) with V = {vp, V1, V2, V3, V4,
Vs, Vg, V7 }, Wherevg is the leading eigenvector &f, vi = A*vg, Vo = B*Vp, V3 =
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Fig. 8. Polytope norm for the pafA = F1,B = E3} (left) and for the paiA = {F;,B=Es}
(right).
A*Vz, Vg4 = A*Vg, Vg = A*V4, Ve = B*Vs, V7 = A*VG.
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Fig. 9. Polytope norm for the pafiA = F3,B = E;} (left) and for the paifA=F;,B=E3}
(right).
e A=F;, B=Es.
1/5
We find thatP = A3B? is an s.m.p.p(.%) = p(P)Y/° = (2 <2+ \/§>) and an
extremal polytope norm is given by? = co(V, —V) with V = {vp, V1, V2, V3, Vs,
Vs, Vg, V7 }, Wherevg is the leading eigenvector &f, vi = B*vg, Vo = A*vy, V3 =
B*v1, V4 = A"y, V5 = A*v3, Vg = A*vy, V7 = A Vs.
e A=F3 B=Es;.
1/

3
We find thatP = AB? is an s.m.p.p(.%) = p(P)Y/3 = <2+ \/§> and an
extremal polytope norm is given by’ = co(V, —V) with V = {vp,V1,V2,V3, Vg4,
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Vs, Ve, V7}, Wherevy is the leading eigenvector &f, vi = A"vp, Vo = B*vp, V3 =
A"y, Va4 = A*Vp, V5 = By, Vg = A*vg, V7 = AV,

15 15
Vo
-15 1/5-1.5 15
Vo
15 15

Fig. 10. Polytope norm for the pajA = F3,B=Es} (left) and for the pai{ A= F3,B=Eg}
(right).

o A=F3,B=E; (j=7,8).

We find thatP = A2B is an s.m.p.p(.%) = p(P)Y/3 = (1+ \/5>1/3 and an
extremal polytope normis given by = co(V, —V) with V = {vo,Vv1,Vv2,Vv3,Va},
wherevy is the leading eigenvector & v1 = A*vg, Vo = B*vp, V3 = A*va.

e A=F5,B=E (j =14).
We find thatP = Bisan s.m.p.p(%) = p(P) = % and an extremal polytope
norm is given by%? = co(V,—V) with V = {vp,v1}, wherevy is the leading
eigenvector oP andv; = A*v.

e A=F5,B=E(j =2,8).
We find thatP = ABis an s.m.p.p(.%) = p(P)¥/2 = /3 and an extremal poly-
tope norm is given by” = co(V, —V) with V = {vp, V1 }, wherey is the leading
eigenvector oP andv; = B*vp.

e A=F5,B=E;(j =3,7).
Sincep(B) = ||A|; = ||B||x =1, we have thap(.#) = 1 and thaBis an s.m.p..

e A=F;,B=E;j (j =5,6).
We find thatP = AB* is an s.m.p.p(.%) = p(P)Y/® = 4%/5 and an extremal
polytope norm is given by? = co(V, —V) with V = {vp, v1, V2, V3, V4, V5 }, where
Vo is the leading eigenvector &f, vi = B*vp, Vo = B*vq, v3 = B*wp, V4 = B¥vjs,
Vs = B*vy.

e A=Fg, BeE.
Sincep(A) = ||All1 = ||B||1 = 2, we have thap(.#) = 2 and thatA is an s.m.p..
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Fig. 11. Polytope norm for the pafA = Fs, B = E4} (left) and for the paif A= Fs,B=Es}
(right).

The subcaséng,n;) = (4,4).

It corresponds to families of the typ& = {F,F;}.

e A=Fg, BeF.
Sincep(A) = ||All1 = ||B||1 = 2, we have thap(.#) = 2 and thatA is an s.m.p..

Now it is useful to observe thasFiP;t = —Fy, PsRsP; ! = Fs, PsFsPy 1 = —Fg
andPgFgP:,,T1 = F. Consequently, wheA=F (i = 1,3), we can restrict the choice
of the matrixB within the set~’ = {F, F3,F4, Fs}.

e A=F,B=Fj(j=234).
Sincep(A) = p(B) = ||Al2 = ||B|l2 = v/2, we have thap(.#) = v/2 and that
bothA andB are s.m.p.s.

e A=F,B=Fs.

We find thatP = ABis an s.m.p.p(.%) = p(P)¥2 = /2 and an extremal poly-
tope norm is given by?” = co(V, —V) with V = {vp, V1 }, wherev is the leading
eigenvector oP andv; = B*vp.

e A=F3,B=Fj(j =24).

Sincep(A) = p(B) = ||All2 = ||B|l2 = v/2, we have thap(.#) = v/2 and that
bothA andB are s.m.p.s.

e A=R,B=Fs.

We find thatP = A?B is an s.m.p.p(.%#) = p(P)¥/3 = 43 and an extremal
polytope norm is given by? = co(V, —V) with V = {vp,Vv1,V2,Vv3}, wherevg is
the leading eigenvector &f, vi = B*vg, Vo = A"vg, V3 = A*vy.

e A=K, B=F.

We find thatP = AB? is an s.m.p.p(.%#) = p(P)¥/3 = 43 and an extremal
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polytope norm is given by? = co(V,—V) with V = {vp,Vv1,V2,Vv3}, whereyy is
the leading eigenvector &, vi = B*vp, Vo = B*v1,v3 = B*wo.

e A=K, B=F,.
We find thatP = ABis an s.m.p.p(.%) = p(P)¥/2 = /2 and an extremal poly-
tope norm is given by” = co(V, —V) with V = {vp, V1 }, wherev is the leading
eigenvector oP andv; = B*vp.

e A=F;,B=Fs.
Since||Al|1 = ||B||1 =2 andp(AB) = 4, we have thap(.#) = 2 and thaP = AB
isan s.m.p..

Fig. 12. Polytope norm for the pajA = F1,B=Fs} (left) and for the paifA=F;,B=Fs}
(right).

4 Conclusions and future work

We have proved the finiteness property for any pair gf2sign matrices. In most
non-trivial cases, this has been made possible by deteatirextremal real poly-
tope norm for the family constituted by the two sign-matsic€he finite conver-
gence of the procedure for constructing the unit ball of sualrm, carried out on
a case-by-case basis, implies the finiteness property.

Unfortunately, it seems clear that such an approach caryhaegn extended to
the general case of a pair of sign-matrices of arbitrary dsien. The use of an
induction argument on the dimension seems difficult butrsiéds to be explored.
An algorithm for the construction of an extremal polytopemas also provided
and made publically available.
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