FINDING EXTREMAL COMPLEX POLYTOPE NORMS
FOR FAMILIES OF REAL MATRICES *

N. GUGLIELMIT AND M. ZENNARO*

Abstract. In this paper we consider finite familieg of real nx n-matrices. In particular, we focus on the computation of the
joint spectral radiusp (%) via the detection of aextremal normin the class otomplex polytope normsvhose unit balls arbalanced
complex polytopewith a finite essential system of verticeSuch a finiteness property is very useful in view of the construction of
efficient computational algorithms. More precisely, we improve the results obtained in our previous paper [GWZ05], where we gave
some conditions on the family which are sufficient to guarantee the existence of an extremal complex polytope norm. Unfortunately,
they are such to exclude unnecessarily many interesting cases of real families. Therefore, here we relax somehow the conditions given
in [GWZ05], in order to provide a more satisfactory treatment of the real case.
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1. Introduction. In the last decade, a significant progress has been done within the theoryjaifithe
spectral radiusof matrix families. As is well known, given a bounded set of real or complex matd€ges
its joint spectral radiup (%) determines the maximal growth of all products that can be formed by taking
factors in.#. Therefore, its knowledge is important in all applications where the change of status can be
described by more than one matrix. For instance, it characterizes the regularity of certain wavelets (see, e.g.,
[DL92, Mae95, Mae98]), the capacity of codes (see, e.g., [MASO01]), the stability of hybrid systems (see, e.g.,
[Bar88, Wir98]) or of the numerical solution of ordinary differential equations (see, e.g., [GZ01b]). Further
references can be found in [DLO1, Wir02].

In the light of this, it clearly appears that efficient methods for the computation of the joint spectral radius
of a given set of matrices would be often very welcome. Unfortunately, we are still far from the availability
of such efficient methods on a general setting basis. Indeed, the theoretical forecasts in this sense are not
well-disposed at all (see, e.g., [TB97]). Nevertheless, an algorithm for efficiently computing lower and upper
bounds tgp (%) has been proposed in [Gri96] and, lately, further promising approaches for the approximation
of p(%) have been considered (see, e.g., [BNO5b, BNT05, BNO5a, Pro96, Pro05]).

In [GWZ05], also the authors of the present paper have recently given a contribution in the direction
of the computation op (%) by considering special classes of complex matrix families. In particular, they
have determined some conditions on the family which are sufficient to guarantee the existence of an extremal
complex polytope norpthat is a norm whose unit ball istelanced complex polytopeith a finite essential
system of verticetsee [GZ07, VZss]). Such a finiteness property is very useful in view of the construction
of algorithms aimed at the actual computatiorpé##) via the detection of an extremal norm, as is done, for
example, in [GZ08].

However, the hypotheses made in [GWZ05] on the family of matrices are such to exclude unnecessarily
many interesting cases of real families. In this paper, we confine ourselves to real matrix families and succeed
in relaxing somehow the sufficient conditions assumed in [GWZO05], so as to provide a more satisfactory
treatment of the real case. As in [GWZ05], under such relaxed conditions, we are able to construct the unit
ball of an extremal norm, which is a balanced complex polytope with a finite essential system of vertices.

The organization of the paper is the following. In Section 2 we resume the definitions and the results
given in [GWZ05]. The main results of this paper are stated and proved in Section 3. Then, in Section 4
we present a new computational algorithm and an illustrative example. A final discussion is presented in
Section 5.

2. The small CPE theorem. In this section we resume the main definitions and results given in [GWZ05].
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As far as the definitions gbint spectral radiugp (%) of a matrix family.#, nondefective family of matri-
ces extremal normandcomplex polytope norpalong with all the necessary related theoretical background,
we refer the reader to Sections 2,3 and 4 in [GWZO05].

Here we explicitely recall the so callédniteness Conjecturearisen from work in [DL92] and stated in
[LW95], which involves the following definitions.

DEFINITION 2.1 (Finiteness Property finite family of complex rn-matrices# = {A"},. , is said
to have thdiniteness propertif there exist k > 1 and a producP e 3 (.%) such that

p(F)=p(P), (2.1)
wherep (P) is the spectral radius of the matriX and, for each k> 1, 5(.%) denotes the set of all possible

products of length k whose factors are element&othat isZ () = {Al1) ... AliK) ‘ i1,...,iKkE I

DEFINITION 2.2. If .Z is a bounded family of complexam-matrices, any matri® € 3 (.%) satisfying
(2.1)for some k > 1 will be called aspectrum-maximizing produ¢in short, ans.m.p) for .%.

Observe that the finiteness property means the existence of at least onefsfor.fiinite families. In
[LW95] some sufficient conditions in terms of extremal norms, guaranteeing that the finiteness property holds,
have been given. On the contrary, the Finiteness Conjecture, stating that all finite sets of matrices have the
finiteness property, was instead recently disproved in [BM02] and, later, also in [BTVO03].

The following definition from [GZ01a] will be useful too.

DEFINITION 2.3. Assume tha# is a normalized bounded family of complexmmatrices (i.e.p (%) =
1) and that there exists a sequence of produgtEQq, (-7 ), d nondecreasing integers, such that

lim Qi = Q, (2.2)

whereQ € 2(.Z7) andp(Q) = 1. ThenQ will be called alimit spectrum-maximizing product (I.s.m.p.)
Complex polytope norms play a particular role.
PROPOSITION2.4. Let._#,o denotes the set of all possible inducedmmatrix complex polytope norms.
The spectral radius of a bounded famify of complex xn-matrices is characterized by the equality

p(#)= inf |Z]. (23)
[I-ll€Apol

The natural question arises whether a nondefective family admits an extremal complex polytope norm.
An important necessary condition for this follows.

THEOREM 2.5. Let.# = {AW};.i< be a finite nondefective family of complex n-matrices and
assume that there exists an extremal complex polytope fiofm. Then.Z has at least an s.m. .

It would be nice to be able to reverse Theorem 2.5, but this has not yet been done unless assuming some
additional conditions on the family?. Given a bounded family# = {A()};. , of complexn x n-matrices
with p(#) > 0, let us consider theormalizedfamily Z = {p(F) A0} », whose spectral radius is
p(:#) =1 and, for any vectox € C", consider the set

T[F X = {x}U{Px|Pe (%)},

i.e. thetrajectory obtained by applying all the normalized produltsf matrices of# to the vectox.
PrROPOSITION2.6. Let.# be a nondefective bounded family of complexnamatrices and, given a
vector xe C", let

spar(ﬂ[ﬁ,x]) =C". (2.4)
Then the set
SNF X = absm(ﬂ[gz’,x])

is the unit ball of an extremal norm fo#.



By virtue of the foregoing result, it is interesting to find conditions under Wmﬁb}? x| is generated by
a finite number of points of the trajectorf[.#,X]. So, if (2.4) holds, the se#’|.%,x] is a b.c.p. and, thus,
we have an extremal complex polytope norm.

Our attention is focused on families that satisfy some particular properties.

DEFINITION 2.7. An eigenvector ¥ 0 of a matrix P related to an eigenvaldewith |A| = p(P) is said
to be aleading eigenvectaof P.

DEFINITION 2.8. Let.# be a nondefective bounded family of complexmmatrices. A leading eigen-
vector x#£ 0 of either an sA.m.plf’ of Z or of an I.s.m.p.Q of the normalized familyZ is said to bdeading
eigenvectoof .# (and of.# to0).

THEOREM 2.9. Let.7 be a (possibly infinite) nondefective bounded family of comples-matrices.
Then there exists alns.m.p. Q for the normalized family# and, consequentlyZ has at least one leading
eigenvector.

DEFINITION 2.10. Let.# be a family of complex r n-matrices. A se2” C C" is said to beZ-cyclic
if for any pair (x,y) € 2" x 2 there exist, 8 € C with || - [3| = 1 and two (finite) normalized products
P,Q € 2(.#) such that y= aPxandx = Qy.

REMARK 2.1. Sincea| - |B| = 1, the normalized producQ andQP determined in the above definition
are s.m.p. of the normalized familf and the setZ" is necessarily included in the s&f of the leading
eigenvectors of the family-.

DEFINITION 2.11. A nondefective bounded famif§ of complex n n-matrices is said to basymptot-
ically simpleif the setZ of its leading eigenvectors is finite (modulo scalar nonzero factors)Zandyclic.

We shall say that a matrig is aninfinite powerof another matrixP if it is a limit point of the sequence
{P}x>1. Observe that any eigenvaleof an infinite poweiQ of a matrixP satisfies eithefA| = 1 orA =0,
since these are the only two possible limit values of the numeric power seq{enti-1 whenevetu| < 1.
Moreover, given a nondefective matixwith p(P) = 1, there exists at least an infinite pow@of P with an
eigenvaluel = 1, whose multiplicity is equal to the sum of the multiplicities of all the eigenvaluesP with
lu| = 1. This easily follows from the fact that the power sequefig€}y-1 has the limit point 1 whenever
|1| =1 (see, for example, [HW79)).

REMARK 2.2. It follows from the above observations that, for a (nondefective) asymptotically simple
family .Z, each s.m.p.P and each I.s.m.pQ have only one leading eigenvector (modulo scalar nonzero
factors). Otherwise there would exist at least one I.s.m.p. of the normalized f&mndptained as an infinite
power, with an eigenspace of dimensior2 related to the eigenvalug = 1. This would contradict the
finiteness (modulo scalar nonzero factors) of the&edf leading eigenvectors.

Observe that all the cyclic permutations of a prodadtave the same eigenvalues with the same multi-
plicities. Thus, ifP = Alk) ... Ali1) js an s.m.p. for a familyZ, then each of its cyclic permutations

Als)  Alale) | aAlsi) - g=1  Kk'—1

still is an s.m.p. fotZ, along with all the powers d? and their cyclic permutations.

DEFINITION 2.12. Let.Z be a family of complex r n-matrices. An s.m.? is said to beminimalif it
is not a power of another s.m.p. &f.

Itis clear that, for any s.m.g2 of a family.Z, it holds that eitheP is minimal orP is a power of another
s.m.p., which is minimal.

We have the following characterization of asymptotically simple families.

ProPOsSITION2.13. A nondefective bounded familf of complex nx n-matrices is asymptotically
simple if and only if it has a minimal s.m.f with only one leading eigenvector (modulo scalar nonzero
factors) such that the se¥ of the leading eigenvectors & is equal to the set of the leading eigenvectors of
P and of its cyclic permutations.

The following definition selects a particular class of asymptotically simple families.

DEFINITION 2.14. A nondefective bounded famil)f of complex nx n-matrices is said to babso-
lutely asymptotically simpléf it is asymptotically simple and has a unique minimal s.ngmodulo cyclic
permutations).

) )



Itis clear that, for absolutely asymptotically simple families, the unique minimal sfrcpincides with
the minimal s.m.p. given by the characterizing Proposition 2.13. Moreover, the cardinality of tfecféts
leading eigenvectors (modulo scalar nonzero factors) is equal to the number of fad®ors of

The following theorem is the main result of [GWZO05].

THEOREM 2.15 (small CPE theorem)Assume that a finite family = {A®} ;- of complex nx n-
matrices is nondefective and asymptotically simple. Moreover,Fe0be a leading eigenvector of and
assume that (2.4) is satisfied. Then the set

0.7 X717 X (2.5)

is finite modulo scalar factors of unitary modulus. As a consequence, there exist a finite number of normalized
productsP ... P e 3(.%#) such that

SNF X = abscc({x, PDx, ..., ﬁ(s)x}), (2.6)

so that.”[.#,X is a b.c.p.

Remark that, if all the matrices of the family are real and if also the starting leading eigenvegtisr
real, then Theorem 2.15 determines a classical polytof#.in A

The next results are useful for a deeper understanding of the structure of the.#.c%,x] obtained
under the hypotheses of Theorem 2.15.

THEOREM2.16. Let the hypotheses of Theorem 2.15 hold. Then each leading eigenyextar in the
set= = 2N d.7[F#, X satisfies one of the following two statements:

(@) & is avertex of the b.c.p?[#,X; A

(b) there exist $> 2 verticesés, ..., & of the b.c.p.[#,X] such that

&,...,6e= and £ e abscc({&l,...,és}). 2.7)

COROLLARY 2.17. Let the hypotheses of Theorem 2.15 hold and, moreover, let the famidg ab-
solutely asymptotically simple. Then all the leading eigenvector® ¢in the set= = £ d.7[.#,X]) are
vertices of the b.c.p7[.#,X.

3. Improving the small CPE theorem for real families. Unfortunately, the hypotheses assumed by
Theorem 2.15 are such to exclude some cases of real families that, on the contrary, clearly admit an extremal
complex polytope norm which could be determined by a suitable modification of the procedure based on the
construction of the trajectory’ %, x]. We illustrate this fact by means of the following example.

ExampLE 3.1. Consider the real:2 2-matrix family.% = {A, B}, where

A= 2?:((%)) —Cz';%) and B:ﬁ{g %é}with0</3§1.

The eigenvalues ok are e' and & with corresponding eigenvectaxs= [1i]T andx = [1 —i]", respec-
tively. The eigenvalues @ areB\T& and 0. Thup(A) =1 andp(B) = %@ Now consider the b.c.p.
P = abscd{x,x}), (3.2)
whose boundary Z intersectsR? on the unit circle
€= {[xl %" € R? ’ x§+x§:1}. (3.2)
It is immediately seen that

AZ=2 and BZ=abscq[B0]") C 2,
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where we mean b & the set{ly = Ax: x e & } and similarly byB &2. Consequently
[Alz =1 |Bllz=B, p(F)=|Fl»=1

Consequently, whenevgr < 1, the matrixA is the unique minimal s.m.p. of and all the I.s.m.p.’s of
Z are (infinite) powers of.

On the contrary, fof = 1 it is not difficult to prove that, whereasremains the unique minimal s.m.p.,
there exist some I.s.m.p.’s other than the (infinite) powew sifich as the matrices’B andBA™, where

A” =

NSNS
|
o

which is an infinite power oA. In fact, we have

T T
A”B \f\f} :[\f ‘f} and BA”[10"=[1Q".

Remark that these two |.s.m.p.'s are cyclic permutations of each other and that they have only one real leading
eigenvector. In any case, for #l< 1, according to Remark 2.2, the identity matris an l.s.m.p., so that all
the vectors ofC? are leading eigenvectors oF. Moreover, it is clear that the set of leading eigenvectors of
Z is not.#-cyclic. Therefore, the hypotheses of Theorem 2.15 are definitely violated.
Indeed, the set’[.#,X] is not a b.c.p. In fact, it holds that

. T .
Bx— l[$\f2(21+|) 0| and ABx= @[coqk) sin(k)]", k> 1.
All these vectors lie on the circle
_ BV2(1+i)
Cp = > €,

where® is defined by (3.2), and form a set which is dens&jn On the other hand,

B(cogKk) +sin(k))(1+1i)

BAKBxX =
2

.
0| €abscq%p),

and, hence, we can conclude that
ST x| = abscd {x} U%p},

that is not a b.c.p. Note that infinitely many vectors of the trajectBfy?, x, namelyA*Bx for k > 0, which
are not proportional to one another, lie 807[.%,x]. Analogous conclusions hold for the conjugate set
Z.#,X]. On the other hand, it is interesting to observe that

P :abscc(ﬂ[ﬁm]uﬁ[ﬂ,ﬂ), (3.3)
whereZ is the b.c.p. given by (3.1), and that, in the light of the previous analysis, we have
92N (9[?,4 uy[y,ﬂ) — (%%}

(modulo scalar factors of unitary modulus), whenefer 1. On the contrary, fof = 1 the infinitely many
vectorsA¥Bx (andAKBX), k > 0, which are not proportional to one another, lied#. %
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The foregoing example suggests naturally how to try to relax the hypotheses of Theorem 2.15 in order
to accommodate the case of a real family such that the minimal s.m.p.’s have a pair of complex conjugate
leading eigenvectors instead of a single real leading eigenvector. In order to do this, we need to modify some
of the definitions given in [GWZ05] and reported in Section 2, and to give some new ones.

DEFINITION 3.1. Let.# be a nondefective bounded family of complexnAmatrices and let x- 0 be a
leading eigenvector of#. Then x is said to be standard leading eigenvectof.# (and of.% too) if it is a
leading eigenvector of a minimal s.mP.of %, whereas it is said to be limit leading _eigenvectoof .7 if it
is a leading eigenvector of an I.s.m.p. (possibly, an s.nQj the normalized famﬂ;,@Z but is not a leading
eigenvector of any minimal s.m.p..

Now, we modify Definition 2.11 for real families.

DEFINITION 3.2. Let.Z be a nondefective bounded family of read mmatrices ands’ be the set of its
standard leading eigenvectors. The famiyis said to beasymptotically simpléf & is finite (modulo scalar
nonzero factors) and the following properties hold:

o If &is areal set, then:
(i-r) & is F-cyclic. .
(i-y If Qisanl.s.m.p. of7, then the set of its leading eigenvectors is included in
o If &is not areal set, then:
(i) & is self-conjugate, that i& = & UE, andé is .F-cyclic.
(i) If Qisanl.s.m.p. of#, then the set of its leading eigenvectors lies in a subspace of dimension
2 and includes a complex conjugate pair of element§.of

Observe that, when the leading eigenvectors are all real, there is no change with respect to Definition 2.11.

REMARK 3.1. If a family 7 of real nxn-matrices is asymptotically simple afdis a minimal s.m.p.,
thenP has a unique leading eigenvector if the &6t real, wherea$ has a unique pair of complex conjugate
leading eigenvectors if the sétis not real.

REMARK 3.2. For a nondefective asymptotically simple normalized far;ﬁ%lysuch that the sef is not
real, there exists an |.s.m.f, obtained as an infinite power (possibly, a finite power) of a minimal s.p.
with an eigenspace of dimensi@melated to the eigenvalug = 1.

The following characterization of asymptotically simple real families holds.

ProPOSITION3.3. A nondefective bounded family of real nx n-matrices is asymptotically simple if
and only if one of the following situations occurs:

1) . fulfils property (ii-r) of Definition 3.2 and has a minimal s.m.p. with a unique real leading
eigenvector such that the sétof the standard leading eigenvectors.#fis equal to the set of the
leading eigenvectors & and of its cyclic permutations.

2) .Z fulfils property (ii) of Definition 3.2 and has a minimal s.mp.with a unique pair of complex
conjugate leading eigenvectors such that thessef the standard leading eigenvectors®fis equal
to the set of the leading eigenvectordoéind of its cyclic permutations.

Proof.

1) The proof of this occurrence is given in [GWZO05].

2) NecessityLetxy,...,Xs,X1,...,% € C" form a set of distinct representatives (modulo scalar nonzero
factors) of all the standard leading eigenvectors7f Since.# is asymptotically simple, they are finitely
many and, forany=1,...,s, there exisio, i € C with || - |i| = 1 and two (finite) normalized products
P.,Q. € X(F ) such that

X+1=0iPx and x = BiQixi 41
and (by reality of%),

Xit1=aiR% and X = B;Qi%i1
6



where, conventionallyys;1 = x;. Therefore, we obtain tha = aPx = fQx and%y = aPg; = BQxy,
wherea = ay... 0, B = P1... s andP =Ps...P, Q= Q1...Qs, with |a| - \/3| = 1. Now, sincep(P) < 1
andp(Q) < 1, it follows that|e| = |3| = 1, which impliesp (P) = 1 andQ(Q)

So we can conclude that the mati= P...P, is an s.m.p. of# such that the set of the leading
eigenvectors of and of its cyclic permutations includes (and thus is equal to) the’set the standard
leading eigenvectors o . Since it is not restrictive assumifgto be minimal, the proof is concluded.

Sufficiency Assume that there is a (minimal) s.mPwith only 2 complex conjugate leading eigenvec-
tors and that the set of the leading eigenvectors fand of its cyclic permutations (modulo scalar nonzero
factors) coincides with the sét of standard leading eigenvectors#t. Therefore, sincg” may be generated
(through multiplication by nonzero complex numbers) jye2ements, wherp denotes the number of factors
of B, and since¥ = ¥, U#7, where the set$; and7; are clearly.%-cyclic, the proof is complete. 0O

LEMMA 3.4. Let the nondefective bounded fam#yof real nx n-matrices be asymptotically simple and
let the se¥ of its standard leading eigenvectors be non-real. Then thezsef all the leading eigenvectors
of .# is given by

LpJ spar{{x,%})

where{xy,...,Xp} is a set of linearly independent representativeggfintroduced in Definition 3.2 - (i).

Proof. As observed in Remark 3.2, for a nondefective asymptotically simple normalized té@?ntlyere
exists an I.s.m.p.Q, which is an infinite power (possibly, a finite power) of a minimal s.m&p.with an
eigenspace of dimension 2 related to the eigenvalael. Such eigenspace is clearly spanned by the pair of
complex conjugate leading eigenvectors of the minimal s.®.Therefore, by virtue of Proposition 3.3, the
proof is complete. O

The foregoing result implies that the set of the distinct representatives (modulo scalar nonzero factors) of
all the leading eigenvectors ¢ is not finite.

The definition ofabsolutely asymptotically simpf@mily remains formally unchanged (see Definition 2.14)
and, again, for such kind of families, the unique minimal s.r®.poincides with the minimal s.m.p. given by
the characterizing Proposition 3.3.

Moreover, the cardinality of the sét of the standard leading eigenvectors (modulo scalar nonzero fac-
tors) is either the number of factorsBf(in the case thaf is real) or twice such a number (in the case #iat
is not real).

In the sequel, for a real family” and for a non-zero complex conjugate pair of vectorsc C" (with
0(x) # 0), we will consider therajectory obtained by applying all the normalized produts .# to x and
X, that is

ﬂ[ﬁ,x,x}zﬂ[ﬁ}x]uﬂ[ﬁ,i]:{X,X}u{{lﬁx,PY} | Pez@)}, (3.4)

and the set

SNF %X —abscc(ﬁ [, x x]) (3.5)
Similarly to Proposition 2.6, we have that # is nhondefective and if
spar(ﬂ[ﬁ,x,i]) =C", (3.6)
the sety[J X,X| is the unit ball of an extremal norm. Therefore, our aim is to find conditions under

which y[f x,X| is generated by a finite number of points of the trajectdf§y#,x, %], in order that the
set.?[Z,x X be ab.c.p..



In any case, since” is real, the setS’[j‘,x,X] is self-conjugate. Some specific properties of self-
conjugate b.c.p.’s may be found in [VZss].

The proof of the following lemma is analogous to that of Lemma 5.19 in [GWZ05].

LEMMA 3.5. Let.Z7 = {AD},i-, be a nondefective finite family of reakm-matrices and, given a
non-real non-zero vectorg C", assume that (3.6) holds and that the (boundedysét.7 , x,X| N 7 [-#,X,X]
is not finite (modulo scalar factors of unitary modulus). Then there exist two conjugate sequences of distinct
vectors{x¥} and {x} with XV = x andx¥) = x such that, for all k> 1,

x0 XM ¢ 9.7(F,x X7 [F, %X
and

9

Xk — Al and x4+ = AWx®)  for somery e {1,...,m}
whereAD) = Al /p(#) € %, 1 <i <m, and such that, wheneverkh,
XM £ uxh and x® £ ux"  for all ue C with [u| = 1.

Eventually, we are in a position to state the main result of this paper, which extends the validity of the
Small CPE Theorem proved in [GWZ05]. However, so far we were not able to prove it unless under the
following technical hypothesis, even if we strongly believe that it holds even without assuming it (see also the
forthcoming Example 3.2).

HypPoTHESIS3.1. If the set&” of the standard leading eigenvectors of the fandflyis non-real, then
the pair of leading eigenvalue(ei97e‘i9) of any minimal s.m.p. of the normalized fami#yis such that the
numbersd and zr are rationally independent.

The next proposition illustrates the practical meaning of Hypothesis 3.1.

PrRoOPOSITION3.6. Let the finite familyZ of real nx n-matrices be asymptotically simple and let the set
& of its standard leading eigenvectors be non-real. Then Hypothesis 3.1 is equivalent to requiring that every
s.m.p. of# (even if non-minimal) only has a pair of complex conjugate standard leading eigenvectors.

Proof Given a minimal s.m.pP of .#, we have thap andr are rationally dependent if and only if
there exists a positive integkisuch that the powe?¥, which is an s.m.p. ofZ, has the eigenvalug = 1 of
multiplicity 2 with infinitely many corresponding eigenvectors (i.e., all the vectors belonging td{spah),

x andx being the leading eigenvectors . 0

The following lemma plays an important role in the proof of the subsequent main result (Theorem 3.8).

LEMMA 3.7. Assume that a nondefective finite fam#y= {A1)};i<, of real nx n-matrices is asymp-
totically simple, let Hypothesis 3.1 hold and {et X} be a pair of complex conjugate standard leading eigen-

vectors of%. Moreover, assume that, for some mafix ¥ (93) the vectors y= Sx andy = & are leading
eigenvectors af7.

Theny andy are leading eigenvectors of standard type.

Proof. We observe thaty € 0.7[.%,x,X] and that, by Lemma 3.4,y € spari{{z,z}) for some standard
leading eigenvecta, that is

y=oaz+pz y=Bz+az (3.7)

for suitablea, € C. Moreover, we can assume trag € 85’[?,&?] and, by virtue of#-ciclicity, that
there exist® € (%) (for some integek) such thak = Qz so that

y=0z y=%02z (3.8)

Then consider a linear transformation (represented by the non-singular mar@™") which transforms
into e andzinto €2, e) andel? being the first two vectors of the canonical basi€Bf After setting

ch=1ADT
8



we introduce the family of complex matric&s= {COY1i<m, which is such thap (%) = p(.#), and denote
by ¢ the associated normalized family. By formulae (3.7), we have that

Ty=[a B 0 ... 0]" and Ty=[B @ 0 ... 0]

and, therefore, by setting = T §1§T‘1, formulae (3.8) imply

=)
I
O™R
o Q™

0 --- 0

0
If || +|B]| < 1, theny,y are strictly internal to abs¢éz,z}) C .7[.%,x,X], which gives a contradiction. Thus
loe +[B] > 1. (3.9)

According to Proposition 3.% andz are the leading eigenvectors of a minimal s.m.p?ofsayl':‘o € Zp(ﬁ‘),
with leading eigenvalues®®. Now consider the corresponding prodiice 3 ,(%) defined alN = TP, T4,

dbo 0 0O --- 0
0 e% 0 .. 0

N = 0 0 . ’
0 0

and the power sequAenc&#. By Hypothesis 3.1, we can conclude (see, e.g., [HW79]) that there exists a
suitable subsequend¥m which converges to the matrix

e—iarg(a) 0 0o - 0
0 dag@ o ... 0
N, = 0 0 0o - 0
0 0 0o - 0
Then we consider the matrix
|(X\ e—iarg(a)ﬁ
eiarg(a) ﬁ |Ot|
O=N,M= 0 0 o --- 0 ’
0 0 o --- 0

which belongs t& (%) and whose eigenvalues dre| + |§|. Since? is normalized, it follows that
la|+ Bl < 1. (3.10)

In conclusion, combining (3.9) and (3.10), we ¢et+ (8] = 1. ThereforeQis an |.s.m.p. fot/ and, hence,
the corresponding matri® = T~1OT is an I.s.m.p. forZ. Finally, property (ii) in Definition 3.2 yields

le|=1 and B =0.
9



Therefore, by (3.7)y andy are standard leading eigenvectats.

THEOREM3.8 (extended small CPE theoremssume that a nondefective finite fanifly= {A()}; i<,
of real nx n-matrices is asymptotically simple. If the gebf its standard leading eigenvectors is real, then
Theorem 2.15 applies. Otherwise, let Hypothesis 3.1 hold an¢ixl&} be a pair of complex conjugate
standard leading eigenvectors &f such that (3.6) holds. Then the set

0.7\ x X T[F %X (3.11)

is finite modulo scalar factors of unitary modulus. As a consequence, there exist a finite number of normalized
productsP® ... P ¢ 3(.%#) such that

SF %X = abscc({x,i, PUx Pz, ... Bl P(S)Y}) ; (3.12)

so that.”[.#,x,X is a b.c.p.

Proof. Assume that the set of the standard leading eigenvectors is not real anfidét} be a complex
conjugate pair of them. According to Proposition Xandx are the leading eigenvectors of a minimal s.m.p.
P of .#. Now consider

==60.SF xX. (3.13)

Since the family.Z is asymptotically simple any[ﬁ’,x,i] is the unit ball of a norm, the sé& is finite
modulo scalar factors of unitary modulus and not empty. Now assume, by contradiction, that the set

0.717 xX(TZ . xX,

even if considered modulo scalar factors of unitary modulus, is not finite, so that Lemma 3.5 can be applied to
obtain the sequenced), x¥ ¢ 9.7[.% ,x, XN 7 [.#,x,X] with xV) = x andx) = x. Therefore, there exists
j > 1 such that

I ¢= and XV e=(N7[£,¥ foralli<], (3.14)
and, similarly,
XtV ¢= and xVe=N7[Z,X foralli<].

SinceZ(.#) is bounded, the resulting sequence of normalized matrix prodaits= Allk-1) ... Alli+1)

such thai® = BK (1) has a subsequen¢B(ks) }s.1 that converges to a limit poift in =(.%). Therefore,
also the subsequences of vectfxss) }-; and{x*s) 1.1 have limit points

v=BxItD =BA)...Ax  and v=8Bx1tY =BAY)... Ay (3.15)

X

For eacts > 1 there exists a matriR® € (.#) such that

Bl — ROBKS).

Again by the boundedness &f.% ), the sequencéR®}<-1 has a limit pointR in 5(.%). By passing to the
limit, we can conclude tha = RB and, thusy = Rvandv = Rv.

In other words,R is an I.s.m.p. of% andv andv are leading eigenvectors of. Thus, withy = v
andS=BA(')...A"W, Lemma 3.7 implies that andv are standard leading eigenvectors. Therefore, by
the assumed? -ciclicity and sincev,v € 9.7[.%,x,X], there exist®Q € 5 (for some integek) and some
¢ € (0,2n] such that

x=€?Qv or x=¢€?0Qv.
10



Consequently, by (3.15), we obtain

XU+ — doA) . AWABKIHY  or X<j+1>:(Awn...Awl)Qg)zx(Hlx

Therefore, sincd(‘)) ... Al QB € £(.#), in both cases the vectati*? is a leading eigenvector of .

Thus, withy = xU+D andS= Al)...AlD) Lemma 3.7 can be applied again to conclude #&tY is a
standard leading eigenvector, which contradicts (3.14).0

Observe that the family? = {A B} of Example 3.1 fits perfectly the hypotheses of Theorem 3.8 for alll
B <1, butnot for = 1. In fact, for = 1 the set (3.11) is not finite modulo scalar factors of unitary modulus,
even if (3.12) holds all the same.

The next example illustrates the case of a family that satisfies the hypotheses of Lemma 3.7 and Theo-
rem 3.8 but Hypothesis 3.1. It shows that, whereas the thesis of Lemma 3.7 fails to hold, that of Theorem 3.8
is satisfied. Therefore, we suspect that the thesis of Theorem 3.8 could be obtained in another way, without
passing necessarily through Lemma 3.7.

ExAamMPLE 3.2. Consider the real:2 2-matrix family % = {A, B}, where

V3

11 11
2 and B= { _2& _2& ] .
2 2 20 20

The eigenvalues oA are &% and é% with corresponding eigenvectors= [1 i]T andx = [1 —i]T, re-
spectively, so that Hypothesis 3.1 clearly does not hold. However, it is easy to se# tisahbsolutely
asymptotically simple witlp (%) = 1, A being the unique minimal s.m.p., that”[.% x| 7 [Z, X is finite
(modulus scalar factors of unitary modulus) and that

SF XX = abscc({x, %, Bx, ABX, AZBX}) .

For this purpose, note thaf = | (identity matrix) andB? = O (zero matrix) and that the range Bfis a
one-dimensional subspace proportional to the real vé%or— %}T.

Thus, since all nonzero vectors 6f are leading eigenvectors of and sinceBx, ABx and A°Bx are
not of standard type, we can conclude that Lemma 3.7 is not true and that, on the contrary, the thesis of
Theorem 3.8 does hold all the same. ¢

The next results, analogous to Theorem 2.16 and to Corollary 2.17, respectively, provide a deeper under-
standing of the structure of the b.c.p’[.%,x,X] obtained under the hypotheses of Theorem 3.8.

THEOREM 3.9. Let the hypotheses of Theorem 3.8 hold and let the’ sdtthe standard leading eigen-
vectors of# be non-real. Then each eigenvectpoe = = &N 0.7, x,X| satisfies one of the following two
statements:

(a) & is a vertex of the b.c.p?[.%,x, X]. i

(b) There exist $> 2 verticeséy, ..., & of the b.c.p.#[.%,x,X] such that

&,...,6 €= and £ e absc<{§1,...,§s}>. (3.16)

Proof. Consider a standard leading eigenvedar = and assume that it is not a vertex of the b.c.p.
[ ,x,X]. Then there must exist> 2 verticesy, . .., & of #[.#,x,X] such that

s s
&= i;?uéi with A4 #0,i=1,...,s, and i;|7ti| =1 (3.17)

11



Sinceé is a standard leading eigenvector. 8T, there exists an s.m.g? of Z such thatPé = ué with
|u| = 1. Thus, denoting by - || the complex polytope norm determined (.7, x,X], for anyk > 1 we have

1= gl =IP<¢] S_ihl*"‘iill.

Since||PX& || < 1, in view of (3.17) we can claim thgP& || = 1, that is
P& € 0.7 x X, i=1,...,s

By Theorem 3.8, for any fixed the set of vectors{lf"‘ &ite_o is finite (modulo scalar factors of unitary
modulus). Hence there exist integérm such that

lﬁleréi:YFVfi, with |y] = 1.

This implies thaP' & is a standard leading eigenvectorR. A
Moreover, since all the vertices of the b.c.g’[.7,x,X] obviously belong to7 [.#, x,X] (modulo scalar

factors of unitary modulus), there exist finite normalized prod@cts=(.%) such that
&=5x

This assumption is not restrictive because the other possibility, th'atﬁsé. X, would lead to the same
conclusions. .

Furthermore,Z -cyclicity implies that there exist finite normalized produBtsU; € >(&#) and complex
numbers; andy; with |ri| = |ui| = 1 such that

{ & = rSRE
or o (3.18)
éi = ISR é ;
£ = uUiP'g
or _ (3.19)
& = ulP'g.

Using the first of (3.18) and the first of (3.19) we obtain thais a standard leading eigenvector.&f
whereas, using the second of (3.18) and the second of (3.19), we obtai (hat thusf) is a standard
leading eigenvector of#. Similarly, using the first of (3.18) and the second of (3.19) (or, specularly, the
second of (3.18) and the first of (3.19)) we obtin= % § R U; P’ & for somey with || = 1 and then, in
turn, & = (é R Ui FV)Z&, which means again thdt is a standard leading eigenvector.&f. Therefore, we
conclude that; € =. a

COROLLARY 3.10. Let the hypotheses of Theorem 3.8 hold and let th&'seft the standard leading
eigenvectors of# be non-real. Moreover, let the family be absolutely asymptotically simple. Then each
eigenvectok € = = &N JY[#,x,X] is a vertex of the b.c.p?[F#,x,X].

Proof. Assume, by contradiction, that there exists a standard leading eigengeetarwhich is not a
vertex of the b.c.p.”[#,x,X]. Then it necessarily satisfies statement (b) of Theorem 3.9.

On the other hand, there exists a unique normalized minimal sisuch thatPé = ué with u| =1
(see Proposition 3.3). Therefore, for edglappearing in statement (b) there exists a proper normalized right
factorP of the s.m.pP such that; = 4B or & = uR & with |u| = 1.

Thus we obtain

& eabscr({ﬁ&l,...,ﬁ&s}) or & eabscc({ﬁé_l,...,ﬁéz}).

12



Now, since the essential system of vertices of a b.c.p. is unique modulo scalar factors of unitary modulus
and since; is a vertex of[.#, x, X, it necessarily holds that, for ajll=1,...,s,
& :Vjﬁgj or & :Vjﬁgj with |vj| = 1.
In particular, forj =i, we obtain
éi :Vilfi,éi with ‘Vi| =1 or gi = ﬁzéi,
which, in both cases, implies that the proper normalized right fagtof P is itself an s.m.p., against the
uniqueness dP (modulo cyclic permutations). 0O

4. Applications of the extended small CPE theorem Although our results are mostly theoretical in
nature, they have potential impact on applications. One of these would lie in the fact that, if there is prior
knowledge that a certain séf has an extremal complex polytope norm, then one could devise algorithms for
the computation op (.#) that rely on the computation of the extremal points of the unit ball of the norm.

Now we propose a suitable modification of the algorithm presented in [GZ08], which was based on the
small CPE theorem proved in [GWZO05]. This new version allows us to construct the unit ball of an extremal
complex polytope norm for a nondefective finite real faniy= {A(i)}lgiém which satisfies the hypotheses
of Theorem 3.8 in the case that the &eof the standard leading eigenvectors is not real.

ALGORITHM 4.1.

(Step 1) Choose a candidate s.mR. € % (%) (for somek), which we assume to have a pdix,x} of
complex conjugate leading eigenvectors.
(Step 2) Computp = p(R)Y¥ and define the scaled family

F*=p L7 (which is such thap(.#*) > 1).

(Step3) Sew© = (0 = 270 = [x x}, 20 = absco(%(o)) ands= 1.

(Step 4) Compute the set of vectors
y(S — g+ (W(s—m)_

(Step 5) If¥® ¢ 225D then STOP
(Step 6) Setz(d = absc(% EDyy <5)) and compute an essential system of verti@e$) of 22(9 such
that
28 cyEHyye,
(Step7) Sew'® = 276 N¥() s=s+1 and Goto (Step 4).
The procedure produces a (possibly finite) sequence of self-conjugate absolutely conv@selfsit
halts at (Step 5) for soms! and if spaig.2” (¢ ~Y) = C", then necessarilp(#*) = 1, so thatZ* is nothing

but the normalized familyZ. Moreover, the self-conjugate b.c.pZ(¢ ~1 is equal to.”[.#,x,X], which
determines an extremal norm fgf, and we have that

p(F) =PRIV
We conclude the paper by illustrating the foregoing algorithm with an example.
ExAMPLE 4.1. We consider the reabdd-matrix family.% = {A, B}, where

3 2 1 2 1 0 -3 -1
2 0 -2 1 4 2 1 -4
A=l 1 3 94 5| @dB=| , § 1 >
3 -3 -2 -1 1 -2 -1 2
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Step 1.0n the basis of a preliminary computational investigation, we gues®thatA B is a reasonable
candidate s.m.p. for the family. We compute the two leading complex conjugate eigenpaiPs,dhat is,

A1 =10.87428670616243528917.646835410096406617 i
and

0.727929777812542907820.34062961167742906135i

0.203900802019083398510.41457724740357478799i

’ —0.566138469582716452831.2278515180664638032i | °
1

X

Step 2.We scale the familyZ by p(P»)? = |41 2|%/? = 4.5528302832023213335, s0 as to obtain
A B
Fr={A B} = { , }
t J p(P2)Y/2 p(P2)*/2

Step 3.The two starting vectors arg = x andv; = X.
We set# (0 = 70 = 270 = {y; v;} and 20 = absco<%<°)).

Main loop. By applyings = 6 iterations of the loop (Step 4)—(Step 7) we are able to find a complex
polytope which is mapped by the scaled fami#y into itself.

Since spa(ﬂ(ﬁ)) = C*, we can conclude tha?(®) = absa(ﬂ&”(s)) is a self-conjugate b.c.p., which

determines an extremal norm f&F, and thaip (%) = |11 2|%/2 = 4.5528302832023213335.
The final polytopeZ?(® turns out to have the following essential system of vertices

28 = v} Ui,

wherev, = A*vy,v3 = B*Vl,V4 = A*V2,V5 = B*Vz,VG = B*V3,V7 = A*V4,V8 = A*V57V9 = A*vg,Vi0= B*V4,V11 =
B*Vs, V12 = A*v7,V13 = A"Vi0, V14 = B"Vv7,V15 = B*Vg,Vig = B*Vg, V17 = A*Vi5,V1g = A*Vi6,Vig = A'Vy7.

The computation$ have been performed using both the softwdgglab, exploiting the packag8edumi
(see [Stu99)) for the computation of the complex polytope norms at (Step 5), and the sdftathematica
(see [Wol05]) with a 30-digit accuracy. The computation of the complex polytope norm has been restated
as an optimization problem with quadratic constraints, for the solution of which we have used the function
NMinimize ¢

5. Concluding discussion.In this section we discuss the results of this paper in the light of the existing
literature.

First of all, we observe that there exist families of real matrices which have an extremal complex polytope
norm but do not admit any extremal real polytope norm. For example, any fa#fiy{Ay} consisting of a
single rotation matrix

Ao = cog0) —sin(H)
~ | sin(@) cog0) |’

with 6 rationally independent om, does not admit any extremal real polytope norm (see [BW92]). However,

it admits a complex polytope norm with unit ball given B¥ = abscd{zy,z9}), zg being a leading eigen-

vector ofAgy. This justifies the use of complex polytope norms and related algorithms also for families of real

matrices.

1The whole example (coded in Matlab language) is available on the homepage of the first author, http://univaq.it/ guglielm/.
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Concerning our main result, that is Theorem 3.8, we remark that the proof is based on Lemma 3.5, which
makes use of Hypothesis 3.1 in an essential way. Since the lemma is not valid if Hypothesis 3.1 does not hold
(see Example 3.2), it seems that, in order to extend the validity of Theorem 3.8 to the this case, a different
proof should be found. On the other hand, Hypothesis 3.1 appears to be generic in the sense that the measure
of the set of excluded cases is zero. Nevertheless, we consider such an extension of the theorem an important
theoretical issue.

Our approach for the computation of the joint spectral radius passes through the construction of the unit
ball of a polytope extremal norm. In order to illustrate its theoretical relevance, we recall its applications to
the zero-stability analysis of variable stepsize BDF formulae[GZ01b] and to the asymptotic stability analysis
of one-step methods for the numerical approximation of delay differential equations [GZ03]. Finally, in the
recent paper [GCCZ], we have proved that every pair af2binary sign-matrices, that is, with entries in
{-1,0,1}, has the finiteness property. This supports the conjecture by Blondeliager3 [JB08] that this
holds in general for all pairs of sign-matrices of any dimension. In turn, this fact would have the consequence
that the finiteness property holds true for all families of rational matrices.

Now we discuss the computational relevance of Algorithm 4.1. It is clear that, at its current state, the
algorithm is designed to verify that a candidate prodeiet (%) is an s.m.p. for a non-defective family
Z. This is possible under certain assumptions, the main of which is asymptotic simplicity, which cannot
be checked a priori. NeverthelessPifs an s.m.p., the algorithm always converges. Indeed, the mentioned
assumptions provide sufficient conditions for convergence in a finite number of steps.

We conclude by remarking that a different, quite interesting, approach in order to approximate the joint
spectral radius of a finite family” of real matrices has been proposed recently by Protasov [Pro96, Pro05].
The main idea is still based on the property that any irreducible fafilgas an extremal norm and that its
unit ball is a centrally symmetric invariant compact set.fér The algorithm constructs aimost invariant
set#, that is, such that

min dist(co(% (%)) ,A %)

A>0
be sufficiently small, where dist denotes some distance between sets @#1%9) denotes the convex hull
of the union of the set8 () for all A € #. If this holds, the minimizeA* provides a good approximation
of p(F#).

Protasov’s algorithm is able to reach a given accurdy polynomial time with respect to/E. Its
implementation is based on the recursive applicatioffdab a sequence of real polytopes which are defined
in the following way. The first polytopé?, is chosen, for example, as the unit ball of the 1-norm. Then the
polytopeZm.1 is given either by c0% (%)) if the number of its vertices does not exceed a certain bound
v(¢)) or, otherwise, by a polytope with at moste) vertices chosen in such a way that

(14 €)co(F (%#m)) C Xm+1 C CO(F (%)) -

At the m-th step the approximation {o(.%) is given byW/dm,, wheredy, is the radius of the smallest circle
including Zm.

Differently from our approach, in general the algorithm proposed by Protasov does not show convergence
in a finite number of steps but, on the other hand, it does not require a guess for an s.m.p. (which is crucial
for Algorithm 4.1) and also provides estimates of the accuracy obtained at every iteration.

Acknowledgments. The authors wish to thank the anonymous referees for their very interesting and
useful remarks.
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